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UNIVERSITY of iLLINO!>. 


INVARIANTS OF SYSTEMS 
OF LINEAR DIFFERENTIAL EQUATIONS 


BY 
E. J. WILCZYNSKI 


The theory of the invariants of a single linear homogeneous differential 
equation rests upon STAECKEL’s theorem, that the most general point-transfor- 
mation which converts a general homogeneous linear differential equation of 
the m-th order (m > 1) 


(1) dan + +--- +P 


— 1 


into another equation of the same form and order, is 


(2) y=ng(), 


where f(&) and g(&) are arbitrary functions of & .* 

Those functions of P,, P,, ---, P,, and the derivatives of these quantities, 
which are the same for the equation (1) and for any equation obtained from (1) 
by a transformation (2), are called invariants of (1). Functions having this 
invariant property and containing also y, dy/dx, ete., are called covariants. 
The investigation of such invariants and covariants has led to many new and 
interesting results concerning the equation (1). This theory is associated with 
the names of CocKLE, MALET, LAGUERRE, HALPHEN, Brioscui, Forsytu, and 
others. 

The author has recently shown that the most general point-transformation, 
which converts a system of » homogeneous linear differential equations into 
another of the same form and order, is 


(3) ¥,= a, (€)n; 


where /(£) and a,,(&) are arbitrary functions of €, and the determinant |a,,(&)| 
does not vanish identically.+ 

We shall consider, in this paper, those combinations of the coefficients of a 
system of linear differential equations which remain invariant when the system 


*Crelle’s Journal, vol. 111. 
t American Journal of Mathematics, January, 1901. 
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is transformed by the above transformation (3). These transformations obvi- 
ously form an infinite continuous group, and we shall employ Lir’s theory 
throughout, as has been done in the case of a single differential equation by Dr. 
Bouton.* We shall not, in this first paper, pay much attention to the appli- 


cations of the theory, nor give more than a passing mention to covariants. 


$1. Finite transformations of the dependent variables. 

We shall at first confine ourselves to the transformation of the dependent 
variables. Those functions of the coefficients of the system which remain in- 
variant for all such transformations, may be called seminvariants. These are 
of considerable importance in themselves, and besides furnish the basis for the 
theory of invariants under the general transformation. 

Let the given system be 


m—1 


(1) I+ Put? =9 (i=1, 2,---, 
&k 1 


and let this system be transformed by the equations 


(2) Y, = 
A=1 
where a,,() are arbitrary functions of «, and where the determinant 
does not vanish. As usual we denote derivatives by accents. Then we have 
from (2) 
(3) = (k=1, 2,---, 1=0,1,2,---, m), 


l 
a) denotes the coefficient of x in the expansion of (1 + a)’. 


Equations (1) then become 


where in general ( 


m m—1 


nim?) + > > > (2) = 0 


k=1 p=1 o=0 


(4) + 
A=1 


A=1 p=1 


The coefficient of »‘” in the double sum is 


( m 


and in the quadruple sum, the coefficient of 7‘ is 


*A merican Journal of Mathematics, vol. 21, no. 2, 1899. 
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1 
m— 1 


n 


k=1 7T=0 


Thus, from (4) we obtain 


n n m—t1 
(5) + ny ( 
A=1 v=0 


or if we put 
(6) 


and denote by A,, the minor of a,, in this determinant, 


If then we write this system in the form 


m—1 


v=0 
we have 


n m—i—v 


Thus, if (1) is transformed into (8) by transformations (2), the relations be- 
tween the coefficients of (1) and (8) are the equations (9). 

Equations (9) represent an infinite continuous group, isomorphic with the 
group represented by equations (2). For to every transformation of the latter 
group corresponds one of the former, and they obviously have the group prop- 
erty. Both groups can be defined by differential equations, so that Lir’s theory 
of infinite groups may be applied. 


§ 2. Infinitesimal transformations of the dependent variables. 


We proceed to consider the infinitesimal transformations of our infinite group. 


The variables y,, y,, ---, y, Will undergo the most general infinitesimal transfor- 
mation of form (2) if we put 


3 
m—v 
n v+r 
+> ( T ) Pin, ai | =0 (a 
k=1 T=0 
A= ain (¢,4=1,2,---,2), 
n m—1 n m 
| 1) Ane + 
i=1 
k=1 T 
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(10) a(x) =1+ , a,,(2) ;,(x)dt 
(i+k), (i, k=1,2,°--, n), 


where ¢ is an infinitesimal and the ¢,,’s are arbitrary functions of x. We 
wish to find the corresponding infinitesimal transformations of the coefficients 


Neglecting infinitesimals of order higher than the first, we find 
1 + $,,5¢, ---, $,,8¢ 


(11) A= 


, 1 + p,,,0¢ 
and similarly 


(12) + (Py + Po + — 


A, 


Substituting these values in (9), we have 


Ar,,, = — $,,t ( ) Pie, Ot 


k=1 


m 


Aine Pow — + o~ 3 
(13) 


n v+T 


Dividing by A= 1 + + ---+ ¢,,)d¢, and denoting the infinitesimal 


difference 7,,, — P,,, by 8p,,,5 we find 


n 


k=1 


n m—i—v 
v+T 4 m 


=1 


n m—i—y y+ 
+ ( T 7) 8+ Pane 
or 
(14) 
A 
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These are the required infinitesimal transformations of p,,,. Those of p,,,, 
Pruvs ete., may be obtained from (14) by differentiation. 


§3. Calculation of the seminvariants form=n=2. 


The complexity of the general problem is so great that it appears wise to 
limit the further discussion in this paper to the very special case m= n= 2. 
This will throw considerable light on the general case. 


Let us put, in this case, for abbreviation 
Pra, wp, m—1 = = Pry » Pr, w,m—2 = P = » 
(15) 
OD 
We have then, from (14), 


af af 


9 
=> (hey Prw Pin Prx Dix Pry) + 24% ’ 


— + Pin Py, 


Now if is a seminvariant depending only upon p,, , Y,,» We must have 


for all values of ¢,, $',,-¢”:. Putting the coefficients of these twelve arbi- 
trary functions equal to zero, we obtain the following system of partial differ- 
ential equations for such seminvariants : 


(2P’,+Q,=9, 


(18) 2P,,+ i — + PrrQrs) = 9; (r, s=1, 2). 


(PirPrs — + PrP + Ons =x Q, 


This is a complete system of twelve equations with twelve independent vari- 
ables. But there are two relations among them, so that we shall have two in- 
dependent solutions, i. e., two independent seminvariants containing only the 
variables Pins 

The first four equations of the system tell us that the quantities p’, and q¢,, 
can occur only in combinations 


4q,, 


(16) | 
dg 
ét k=1 
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The next four equations, written separately, are 

2P + (Pu — + Pal Px — Pir) + Pu + = 
+ Pu@u + Pa = 9s 

2P PrP i2— PaP + + P2 Qn = 

2P t+ (Px — + — Po) + Piz + P2 = 9- 


(19) 


They show that the only possible combinations of Post Pied Ten 200 
2p + Pil Pu + Px») ’ 


(20) 
= — 44 + Pa(Pu + 


2 = 4q.. + Pr» + 


so that the seminvariants, here considered, are functions of u,,, U,., U5 Uo: 
only. 
The last four equations (18) are 


— Pe) + Pe — Pu) + (Pir — Poe) Pris 
+ — Pir) + (Gir — G22) + — Vu) = 9; 
= PyP — + PnP — PizPi2 Gn Qn — = 9 
= — Pa Pn + — + U2 — Yn Vn = 9 
= (Py — Py) Pa + — Px) + (P2 — Pr)Pa 
+ — Po) + G2 — Mr) + — = 9; 


with the obvious relation 


(22) U,+ U,=0. 


But there is another relation between these four equations and the other eight, 
these latter being themselves obviously independent. If we compute from them 
P_, and P’, and substitute the values of these quantities, thus obtained, in (21), 
that system becomes 


(23) — (u,, — + Q,, — = 9, 


where the last equation is a consequence of the other two. 
The two independent solutions of this system are 


| 6 
| (21) U, 
| 
| 
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4) LH Uy Ug, — 5 


and these are the seminvariants required. 

Let us proceed to obtain next those seminvariants which contain also the 
quantities p’, and g;,. They must satisfy the following system of partial dif- 
ferential equations : 


(a) 
(b) Qn — Pu Pn + Pir Qo) = 9; 
A=1 
A=1 
+ Yar Qs + Par Q,;) = 0 
A=1 
— + Qu — + Go — = 9, 


among which there is one relation. Thus there are 15 independent equations 


and 20 variables. There are therefore five seminvariants satisfying these equa- 
tions. Of these we already know four, namely, 7, 7, dJ dx, dJ,dx, which are 
obviously independent. 


Let us put , du, 
ete. 
@” 


Then, since according to (20), we have 


therefore 


(27) Min = Pin — + (PyPp t+ 


It will be easily proved from equations (25) (a) and () that our seminvari- 
ants are functions of the twelve arguments 


(28) Pins Uns Wize 
Denoting the left members of (25) (c) by Q,---0,, so that 


we find 


(29) 2 (uy) = 2,(u,) = = A(u,) = 9, 
QX(py)=2, Afpy)=9, OAfp,)=0, 
(Py) =9, Alp.) =, 
2(Px)=9, OA(py)=9, O(py)=9, 


(30) 


(25) 
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= — 
= + = 9, 


= — 2,(u),) = — Us 
2,(u;,) = 9, O,(u;,) = + 
= + =O, 
= (ty — = — uy, 


2, (u;,) = 0 2,(u;,) Uy, 
mm — ties = 0 


From these equations it is easily seen that the eight independent functions of 
the arguments (28) which verify the equations 2, = 0, are the quantities w,, 
and 

+ Py — Paty» 
(32 ye = + (Pu — — — Map) » 

2) ‘ 

— (Pu — + Pan — Up), 


= — + 


Denoting by X,, ---, X, the left members of (25) (d) we find: 
X(v,;) = 0 9 X,(v,;) 
= + X(v,,) = 9, 


=v 
X,(%.) = + 

X,(vy) = + vy» 
= = (Uy — = — 


21°? 


X =0, = + 


X; (22) =0 
the equations for X\(w,,), ete., being precisely of the same form. 
From (33) we find that 


2? 


+%, and 22 — 2 


are solutions of the equations X¥,=90. But 
(34) + = 


while 


8 
and 

| 

| (31) 
| Un 
| 

| 

| | 

{ 
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(35) K = — 


9 


is obviously a new seminvariant, independent of 7, J, dJ dr, dJ dr. 

If we should now write down the differential equations satisfied by the semin- 
variants involving p) and ¢? besides the quantities already considered, there 
would be twenty such equations with only one relation between them, and 
twenty-eight independent variables. Hence there must be 28 — 19 = 9 such 
seminvariants. But we know eight of these, viz. : 


these are independent, for it is easily seen that from the existence of a relation 
between them would follow the existence of a relation between J, J’, J, J’, K. 
But these quantities were independent. 

We can obtain the ninth semivariant without writing down and integrating 
the last mentioned system of twenty equations. The process which we shall 
employ is much more instructive, and is capable of generalization. 

We notice first this theorem: the quantities u,, and v,, are cogredient. 

This follows from equations (33), together with the corresponding equations 
for X,(u,,), as well as from the following formule, which express the infinites- 
imal transformations of uw, and v,,. It will be found from (16) and (20), that 


and from (16), (32), and (87), 


= — + — 


9 
bu, 
bt ($,, +> Uy, — 5 
(37) 
(38) 
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Now certain combinations of the w,,’s and p,,’s, Viz. + Vg. ANA — 5 
were seminvariants. Since the v,,’s are cogredient with the w,,’s, the same com- 
binations with v,, in place of w,, will also be seminvariants. 


Let us, therefore, put 
+ (Pu — — — Vy») , 
— (Pu — + PalOn » 


Pity F Par 123 
then we know that w,, + w,, and w,,w,, — Ws, are seminvariants. 


Wy, + Wy = + Vy) = 
while 


(40) L= WW 


is the new seminvariant. That it is independent of the other eight can be easily 
seen by considering the special case in which p,, = 0. 

We now have all the seminvariants, viz.: J, J, A, Z , and their derivatives. 
For, suppose we wish to find the seminvariants involving p\’) and g°). They are 
determined by a system of 24 — 1 = 23 independent equations with 36 inde- 
pendent variables. Therefore, there exist 36 — 23 = 13 such seminvariants. 
But they are merely the 8 seminvariants (36) and LZ, J”, J”, kK”, L’. 

Thus all seminvariants of the system (1) form =n = 2, are functions of 
the quantities I, J, K, L, and of their derivatives. 

It is interesting to note what would be the result of continuing our above 


process for obtaining seminvariants. Suppose we had formed 


— 


Then would 


boo = — Uy) + — Un) + — ’ 


= 2+ + ISM 


where Jy Jos are seminvariants. 
For g,, 9., 9, are the quotients of determinants of the third order formed 
Jir Jo Ws 1 


out of the matrix 


(3§ 
But 

| 
— 
- 
ty, 

— tes Uy — Wy. 
lies Wi. 
an 
ty, ’ Us ’ 21/9 
| 
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and an account of the cogrediency of these quantities, such quotients are semin- 


variants. In fact, the determinants themselves are seminvariants. 


$4. An application of the theory of seminvariants. 


The theory, developed in the preceding paragraphs, was first suggested by 
the following considerations. Let 


d"y ay 
(41) Dy) = da" dx PY, = 0 


be a homogeneous, linear, differential equation, and let y,, ---, y, form a 
fundamental system of (41), so that 


(41a) Dy;) = 0 (ae By 


Suppose that the coefficients of (41) are uniform functions of x, and let 
2 = «a, be a singular point of one or all of these coefficients. If the variable «x 
describes a closed circuit around this singular point a,, y,, ---, y, will, in 
general, undergo a linear substitution with constant coefficients, changing into 


n 


= Mey, (kK=1, 2, +--+, m), 


where the determinant |A\")| + 0. Denote this substitution by A, , so that we 
may write 
(42) y,= A,y,- 
Now let us put in (41¢) 


n 
(43) an; = Sn, 

i=l 

+9, 
and where a,, are uniform functions of a. Then 7,, ---, 7, will verify a system 
of nv linear differential equations, obtained from (41) by the transformation (48). 
This system is not a general system but has the special property that correspond- 


where again the determinant 


ing to a circuit of x around a, , n,,---, 7, undergo the substitution 
which is the transformed of A, by the substitution S, and has as its coefficients 
uniform functions of 2. 
Conversely, if a system of n linear differential equations has this property, it 
is obviously possible to find a substitution 
Sn, 


which reduces it to the form (41a), or what amounts to the same thing, 7 linear 
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combinations of »,, ---, 7, can be formed with variable coefficients which form a 
fundamental system of a single linear differential equation of the nth order. 
Such functions as »,,---, 9, are a very special kind of what I have called A 
functions.* 

The question then arises: what are the necessary and sufficient conditions in 
order that a system of linear differential equations may have the property in 
question ? 

In our particular case, m = n = 2, it must then be possible to transform the 
given system into one of the form 


(44) Yi + py, + = 9 (i=1, 2), 


by a transformation of the form (43). The seminvariants of the given system 
must therefore be equal to those of (44). But for (44) we have 


(45) Pig = Pa = = = 0, Pu=P2=Ps 
so that 
Uy, = Uy = 2p + p’, 
(46) = Vo9 = Qui 9 
whence 


(47) 2u,, J=mu? 


11? 


K = 4(u;,)’, 


We have then in this case the relations: 


27\ 2 


dx dx? 


As will be seen from the expression deduced for the invariants in § 5, .all of 


the invariants vanish in this case. 

But the vanishing of all of the invariants, or even the fulfillment of the equa- 
tions (48), while necessary, are not sufficient conditions for this case. The 
conditions (46) however, from which the others ‘were derived, are both necessary 
and sufficient. It suffices to write down the system of invariant equations 


(49) Uy, — Uy =9, = u,, = 0, 


12 
for the other equations (46) follow from these. 
That the conditions (49) are sufficient follows from the results of §6. It 
will there be shown that every system of linear differential equations of the sec- 
ond order can by a transformation of the form 


(50) Y; = + 42M, 


*American Journal of Mathematics, vol. 16, No. 2, 1899. 
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be reduced to a form called the semi-canonical form. The result of this reduc- 
tion in general is the system (82), which in our case reduces to 


(51) n, = (i=1, 2), 


i. €., n, and 7, satisfy the same linear differential equation of the second order. 


Thus we have seen that a system of the form 


(52) Yi + Pai + Pos + ath + Tala = 9 (i=1, 2) 
can, by a transformation of form (50), be reduced to the form (44), if and 
only if the conditions (49) are fulfilled. In that case, the integration of the 
system (52) is equivalent to the integration of a single linear differential equa- 
tion of the second order. The invariants are all zero, and by a change of both 
dependent and independent variables this equation may be reduced to the form 


du 


(53) de =0. 


§ 5. Calculation of the invariants form =n=2. 


The invariants of our system must obviously be functions of the seminvari- 
ants which we have already found. We shall therefore first investigate how 
these seminvariants are affected by a transformation of the independent vari- 
able x. 

As before, let 
(54) + Pati + Pies + + G2 = 9 
be the given system. If we introduce the new independent variable 

E(2) 
this system becomes 
(55) + + + Kath + = 


where 


+ 
(56)  @) 


For an infinitesimal transformation, we put 


(57) E(x) = + p(x)dt, = p(x) 


where 6¢ is an infinitesimal and ¢(«) an arbitrary function. We shall then have 
=(— + Spy = — 
(58) = — , = (— + 
89, = — 2¢'q,,5t. 


ete 
= 
Pa 
~ 
To 
| 
Tie 
(E 
| 
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If f is any function of x, and /’ its derivative, we have 


Yat = - 
or 


Thus we find from (58) 


Therefore, making use of (20), (58), and (60), we find 


(60) 


bu,, = (26% — ot, du,,=— 
| bu, = — , Su, = (26% — 


(61) 


Consequently we shall have, remembering the definition of J and J, 


= (46 — 


(62) 
= (26 — 44'J 


In the same way we find 
bv,, = (46% — 46’u,, — dt , 
ov,, = (— 46°u,, 3G'v,,)ot 


(63) 

= (— 46%u,, — 3¢’r,, , 

bv,, = (4¢ — 4"u,, 
whence 
(64) dK = (86 — 8¢"J' — 6¢'K )ét , 


after a slight transformation, involving equation (67) for J’. 
We find further 
= (8¢ — u,, — — 4q'w,, ot , 
ow,, = (— 8¢° Ur — 10¢’v,, 4'w,, ‘ 

dw, = (— u,, — 109’v,, — 4¢'w,, ot , 


21 


dw,, = (86° — — 10¢’v,, — 


whence follows 


[January 
| 
| | 
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(66) 6L = — 166° (27” — — — 
if it be noted that 


Wo. Uy, — Uy, — Wy, = — 


Let us now, by an obvious extension of the theory of invariants of a single 
linear differential equation, assign to p,, the weight — 1, to q,, the weight — 2, 
while to p'\; and q‘¥? are assigned the weights — 1 — 7, — 2 — yu respectively. 
Then it is easy to see that the following statements are true. 

1. Every absolute invariant is isobaric in the coefficients and of weight 


zero. 


2. If an absolute invariant is a rational function of the coefficients and of 


their derivatives, it is the quotient of two relative invariants of the same 
weight. 
3. A relative invariant is isobaric in the coefficients, and if the common 


weight of all of its terms is — v, it satisfies the equation 
(68) E(x)’0,(E) = 0,(2) , 

or, for infinitesimal transformations, 

(68a) 50, = — vp'(x)0 


We shall speak of such an invariant as being of weight v, rather than — v. 
The negative weights have been introduced, following the example of Forsytu, 
principally because they have a decided advantage when we consider covariants. 

The proof of the above three statements is essentially the same as in the case 
of a single linear differential equation, and need not, therefore, be given. 

It is now a simple matter to find the rational invariants of any assigned 
weight, or else to establish their non-existence. 

First, it is clear that no such invariants of weights 1, 2,3 exist. An in- 
variant of weight 4 must verify the equation 

60, = — (x) 0 8t. 
The invariant is 


(69) 
An invariant of weight 5 must be of the form 
all’ + + 


We find that no such invariant exists, or that it vanishes identically. 


15 
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An invariant of weight 6 must verify the equation 


80. 
= — 


The most general expression of weight 6 is 

6, + + cK + dl + eJ” + + 
We find 


= — + — + — 26'T) 
+ — — 64'K) 
+ — — — — 104" — I) 
+ + 4D’ + — 46T — 96" J’ — 
+ — — — 46’ + — 26'1) 
+ 291 (4g? — — 39'T’), 


and this must be equal to —6¢’0, for all values of ¢’,---, JZ, J’, ---, JS, J, 
--, A. We find therefore the equations: 


e+2f=0, 2e+e+2g=0, 
8 +9=0, 5f+47=0, 
whence 
b=e, c= — fe, d=0, 


Putting e = — 8, we find 


(70) 0, = 201? — + 5(K — I”) + 4(K — + IT’). 


There is no invariant of weight 7, and there are two independent invariants 


of weight 8 , one of which is 6? , while the other is 


6, = 148(L — 417") — 54(7? + 4.7)0, — 2070, + 2576, — 20610, 
(71) 
— 200 — 902K — I”) — 220(K” — 
We can easily find an invariant of weight 10, without going through this 
general process. We have 


2 


= — 47) — — 2’), 


0 

56, 
| 

| 

| 
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whence eliminating $”, we find 


86, | 
= — 104'6,,, 


where 


(72) @,, = (I? — 4J)(K— I") + — 


From any two invariants 0, and 6 , of weights » and yp respectively, we can 
y A a? 8 
always deduce a third. For we have 


r 


(xr) 
(a) 


ONE) 


A 
A 


an absolute invariant. Hence, by logarithmic differentiation, 


Therefore 
(73) = — 20,0), 
is a new invariant of weight) + Itis called by Forsyru the Jacobian 
of @, and @, , in his theory of invariants of a single equation. 


We thus obtain 
36, 0, — 20,0 , 
20,0; — 08. , 


4 


= 56,0, — 20,0" 


4 4°10? 
= 40,0, — 30,0 , 
= 50,0, — 30,0.,, 


10” 6 


= 50,0, — 40.0; 


8 10? 


from which still others can be derived. Of all of the invariants found so far 


10? 15 

are the only ones which involve no higher derivatives of p,, than the third, and 
no higher derivatives of ¢,, than the second, or what amounts to the same thing, 
these are the only invariants found so far which depend only on the seminvari- 


ants 


Moreover the invariants (74) are not all independent. For instance we have 


the syzygy 
Trans. Am. Math. Soc. 2 
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(76) 20.0. +4 50,0, —60,0.=0. 


4°17 il 


In order to obtain al/ of the invariants depending only upon the semin- 
variants (75), we write down the partial differential equations which such in- 
variants must verify. 

From the expressions for 67, 67’, 67”. &/, ete., 52, we find that these 


partial differential equations are five in number, viz. : 


— (8J” + 6K) 20K" 

| — 16(2.J” — K) 0, 

| 


where }. f = 0 is obtained by equating to zero the coefficient of ¢” in df. 
They are independent and, therefore, have 9 — 5 = 4 independent solutions, 

i. e., there are four independent absolute, or five independent relative invariants. 

We have already found four of these, viz.: 6,, The fifth invari- 


ant, found by integrating (77), is 
6,, = —47)(L — 417”) + 4(77” — + 


But this can be shown to be divisible by @,, so that we may complete our system 
of invariants by taking @,,/0,, which is 


(78) @ 


,=0,(L— 41") + 4(K — IT" — 27" + —0(K’ — 271") 
— — IT" — + K). 


| 

Ca 

| 
| ‘tia 
] 
i | 
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Canonical forms of a system of two linear differential equations of the 
second order. 
Our system of equations (54) can always be transformed into another which 
contains no first derivatives, by a transformation of the form 
Y;, = 4M, + 
where a,, are functions of «. For, on making this transformation, we find 
+ F + (2a;, + Py % 2 
(79) + + Pat + P22 F 
| + + + %12 F = 0 (i=1, 2), 


so that, if we take a. subject to the conditions 


ik 


(80) 


| 3( Py), ( Pa® 12 T P22 


equations (79) will contain no terms in 9; and 7,. The functions (a,,, a,,) and 


(a,,, @,,) must therefore be taken as solutions of the same system of linear differ- 


2 
ential equations, viz., 

( Put + 
(81) 


Moreover (a a,,) and (a,,, a,,) must be independent solutions of (81), for 


1? 21 
otherwise the determinant 


would vanish. The functions a,, can therefore be determined so as to effect the 
desired result, by integrating (81). 
If one makes use of (80) and the equations obtained from (80) by differentia- 


tion the transformed system (79) becomes 
(82) 
| + + By Uy.) + + Ay Mo 9 
where the quantities w,, have been previously defined. 

Thus every binary system of homogencous linear differential equations of 
the second order can be converted into another, involving no first derivatives, 
i. e., into one for which p,.= 9%. We will say that this transformed system has 
the semi-canonical form. 

Suppose we have reduced a system to its semi-canonical form. Let us find 
the most general sub-group G' of our general infinite continuous group G, 


which leaves the semi-canonical form of the system unaltered. 


i 

5 

3 
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In the semi-canonical form p,,= 0. Let us make the most general infinites- 
imal transformation of the general group G'. The coefficients of the first deri- 
vatives in the transformed system will be, according to (16) and (58) , 

= (2¢., dt ‘ = ot 
OP, = (2¢,, — ’ 
for the infinitesimal transformations of the coefficients due to infinitesimal 


transformations of both dependent and independent variables are equal to those 
due to the transformations of the dependent variables alone plus those due to 


the transformation of the independent variable alone.* 
But for all of the transformations of our sub-group G’, these quantities 


must vanish. Therefore must 
=9, 2¢,,-¢ =9, = 0, 
or, if we denote by c,, arbitrary constants, 
1d,’ 
| $y, = Cy» $22 = Cy + ’ 


(83) 


so that the sub-group G' depends upon 4 arbitrary parameters c,,, and an ar- 
tk 


bitrary function 
We can determine a sub-group G" of the subgroup G’, namely, that which 


leaves + Yoo invariant. 
We have, in the same way as above, according to (16) and (58), 


+ Gor) = + + + 


so that for this sub-group we have the further relation 


(84) br + = — + 
or, using (83), 
(85) +> + + + (Gir + = 0 


a linear differential equation of the second order for ¢,, + ¢,,. Its integration 
introduces two arbitrary constants ; then ¢’ is found from (84), and the quad- 
rature 

$= f 
gives rise to a third constant. ' Thus G” is a seven-parameter group. We can 
also represent G” by (83), together with 


(86) — = + 


* We have changed the sign of 9(z), so as to make the infinitesimal transformation of the 
independent variable harmonize with those of the dependent variables. 


(? 

it 

4 

i} 
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an equation, whose integration gives rise to three constants. 


with the four constants c 


tk 


are the parameters of the group. 


21 


These together 


The semi-canonical form of the system can be further simplified by the re- 


duction to what we shall call the canonical form. 


Suppose we have reduced our system by a first transformation to the semi- 


canonical form 


(87) 


If now we make the transformation 


E = &(x), + Bn, 


we find 
2 d’n, 


d 
Bub” + Bak” + + 28,8) ge + (BE + 


(88) 


+ + +> + + + )n, =0 


29 


dé 


which is again in the semi-canonical form if 


or 
B 
VE 
where e,, are arbitrary constants, whose determinant does not vanish. 
=1, =e, =9, 
or 
1 
(89) B= ’ B,,= 8, =9. 
Then (88) becomes 
d’n, , 
BE dé + + + 0 
(90) 
207, 
BE de + + (B" + = 9, 
or 
(91) dé? + + P27, = 


+ =0, 


(¢=1, 2). 


2) 


(é=1,2), 


(i=1, 2). 


Now 8 can be determined that in (91), p,, + p,, = 9; for this purpose it is 


only necessary to take for 8 a solution of the linear differential equation 


(92) 


We have proved the following theorem : 


28" + + = 9. 


al; 
| 
7 
G@=1, 
|! 
dé 
| 
(i 
Put 
| 
| 
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Every system of linear, homogeneous differential equations of the second 


order can be converted into a system having the canonical form 


On, 
dé T + 
where 


Pi + = 9. 


In order to effect this reduction, it is necessary to integrate a system of 
homogeneous linear differential equations of the Jirst order (81), a single 
homogeneous linear differential equation of the second order (92), and finally 
to effect the quadrature 

dx 
r)= = 
= J 


This canonical form of the system corresponds to the LAGUERRE-ForsyTH 
form of a single linear differential equation. 

The sub-group of G which leaves this canonical form unaltered is especially 
simple. It is the group G” for the particular case that ¢,, + ¢,. = 9, whence, 


according to (86), 


0, or 
and from (83), 


$2, = Cy» 


The finite transformations of this group are 


The functions called, by Forsyth, guadriderivatives are invariants for this 
sub-group. If @, is an invariant of weight co, then 
(94) 6, , = 2000" — (20 + 
is what ForsyTu calls the quadriderivative of 0, . 
We find that for the general infinitesimal transformations of the general 
group G, 
80, = — 20°62 — 2( + St. 


For our sub-group ¢* = 0, so that @, , is indeed an invariant of the sub- 


group. Its weight is 2c + 2. 


og 

22 
22 

f 

¥ 
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$7. Covariants. 


We shall not treat of covariants in an exhaustive manner in this paper. It 
will be sufficient to note a few simple theorems. 

First we may observe that no absolute covariant exists which depends only 
Yos dy,/dx, dy,dax, ete., which does not contain explicitly, 
and makes no use of the fact that y, and y, are solutions of (54). 

For we have, taking infinitesimal transformations of the dependent variables 
only, 

by; = (P14, + ’ 


= + + Pid + 


But this group in 2m variables is always transitive. For if we take the 
special case obtained by putting ¢,,, $;,, $;,, ete., equal to arbitrary con- 
stants, the group becomes a finite 4m parameter group in 2m variables which is 
a particular case of a general group of linear substitutions with mn? parameters 
and mn variables. This general group has been studied by the author and was 
found to be transitive.* Therefore the more general infinite group is also tran- 
sitive, i. e., it has no invariants, and thus the theorem is proved. 

It is even impossible to construct functions z, and z, of y,, y, and of their 
successive derivatives, not involving x explicitly, which shall be cogredient with 
y, and y,. 

For, if it were not so, from z, and z, could then be constructed a third co- 
gredient set, say 7, and 7,, and the quotient 


YR 


— YN 


would be an absolute covariant of the form whose non-existence we have just 


shown. 
An infinite number of covariants, containing a explicitly, can be constructed 


as follows. Put 
+ Pai + Ps + Gath + 


+ Pati + Pos + + 


Then 7¥,, ¥;, ete., are cogredient with y,. Therefore the determinants 


*Proceedings of the California Academy of Sciences, vol 1, no. 6. 


f 

4 

| 
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are covariants. All of these vanish in consequence of the given system of dif- 
ferential equations. 
Their covariant property is expressed by an equation of the form 
a 


a 


+ E= E(x) (i=1, 2), 


where 


is the transformation of the variables. 
Suppose we have reduced our given system to its canonical form. Then 


— YY 


is a covariant of the sub-group (93) which leaves this canonical form unchanged. 

To find all of the covariants of the system we could proceed as in the case of 
the invariants by setting up the system of partial differential equations which 
they satisfy. We might also construct functions cogredient with y, and y,. 
The determinant of two such systems would be a covariant. 
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DIVERGENT AND CONDITIONALLY CONVERGENT SERIES 
WHOSE PRODUCT IS ABSOLUTELY CONVERGENT’ 


BY 
FLORIAN CAJORI 


$1. Introduction. 


It has been shown by ABEL that, if the product : 


of two conditionally convergent series : 


n=@ 


>» u,, 


n=0 


is convergent, it converges to the product of their sums. Tests of the conver- 
gence of the product of conditionally convergent series have been worked out 
by A. Prinesnerm,t A. Voss.t and myself.§ There exist certain conditionally- 
convergent series which yield a convergent result when they are raised to a cer- 
tain positive integral power, but which yield a divergent result when they are 
raised to a higher power. Thus, 


1 


n=1 


where r = 7,9, is a conditionally convergent series whose fourth power is con- 


vergent, but whose fifth power is divergent.|| These instances of conditionally 


* Presented to the Society April 28, 1900. Received for publication April 28, 1900. 

t Mathematische Annalen, vol. 21 (1883), p. 327; vol. 26 (1886), p. 157. 

t Mathematische Annalen, vol. 24 (1884), p. 42. 

§ American Journal of Mathematics, vol. 15 (1893), p. 339; vol. 18 (1896), p. 195; 
Bulletin of the American Mathematical Society, (2) vol. 1 (1895), p. 180. 

| This may be a convenient place to point out a slight and obvious extension of the results 
which I have published in the American Journal of Mathematics, vol. 18, p. 201. It 
was proved there that the conditionally convergent series : 


> (-1)"" (0<r=1), 

n=1 n 
when raised by Cauchy’s multiplication rule toa positive integral power q , is convergent whenever 
(q —1)/¢<r; but the power of the series is divergent, if (g—1)/g>>r. The case for which 
(q—1)/q=r was left untouched, but an examination of the formule appearing in that article 
readily yields the result that in this case the series is divergent. Hence the condition for diver- 
geucy should be written (q—1)q=r. 


or 


| 

| 

| 

u=s 

l 

| 

i 
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convergent series, yielding powers of the series which converge less rapidly the 
higher the power and which for a sufficiently high power yield a divergent re- 
sult, suggest the following questions: Does the product of two conditionally 
convergent series never converge more rapidly than do one or both of the fuctor- 
series? Can the product of two conditionally convergent series or of a condi- 
tionally convergent and a divergent series in no case be absolutely convergent ? 

The first doubt of the correctness of a negative reply arose in connection 


with the conditionally convergent series : 


fan 


n=1 n 


This yields convergent results, no matter to how high a positive integral power it 
may be raised.* If the series is squared, the constituents, 1 (n — r)(r +1), 
which go to make up the nth term of the product, namely, 


r=n—1 1 1 
n—rr+l’ 


are all positive or all negative for that term. Hence the numerical value 
of the nth term is the sum of the numerical values of all the products 
1l(n—r)r+1). If the square of the series is indicated by 


then all the constituents, a,_,+1/(r + 1), which enter into the composition of 
the nth term in the cube of the series have all like signs in that term. Simi- 
larly for higher powers. Now it has been shown that all the positive integral 
powers of the conditionally convergent series : 


a=e (— 


n=1 


continue to converge, even though each term of a given power of the series is 
numerically the sum of the numerical values of its constituents, and it is evi- 
dent that, if the constituents of each term were partly positive and partly neg- 
ative, each term would be numerically smaller. Can the signs of the terms of 
two conditionally convergent series and the numerical values of its terms be so 
chosen that the product of the two series is absolutely convergent? 

In an important article on the multiplication of conditionally convergent 
seriest A. PRINGSHEIM states that he knows no a priori reason why there might 
not be special cases in which such a product is absolutely convergent. ‘ Aller- 


*American Journal of Mathematics, vol. 18, p. 204. 
+ Mathematische Annalen, vol. 21, p. 332. 
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dings,” he continues, “ war es mir bisher nicht moglich an irgend einem bestimm- 
ten derartigen Falle die unbedingte Convergenz zu constatiren, und es diirfte dies 
— wenn es iiberhaupt solche Fille giebt, was ja immerhin als fraglich erscheinen 
muss — wegen der zusammengesetzten Beschaffenheit der Reihenglieder w, eben 
nur sehr schwer gelingen.” 
§ 2. Two typical examples. 

We have succeeded in devising special cases in which an absolutely convergent 
series is obtained as the result of multiplying two conditionally convergent series 
together, or one conditionally convergent series by a divergent series. The 


series obtained by removing the parentheses from the series : 
1 1 1 1 
“i 4p +1 4p+4 4p+1 4p+4 


a = 1 4 1 1 1 
2" = 4p+1 dp+4 4p+1 4p+4 
are both conditionally convergent. Let the four terms obtained in either series, 


or the terms in a similar series, for any one positive integral value of p, be 
called a “set” of terms. The 4n-th term of the produet of S, and S, is 


ts 1 1 1 1 
( dn—4p Ip In—4p—8 4p +4 
1 1 1 1 
in—4p 4p+1 4n—4p—3 


We see that the sum of each set of constituents for the 4n-th term is identi- 
cally zero ; therefore the entire 4n-th term is identically zero. 
The (4n + 1)-th term of the product series is as follows : 


4 1 1 1 1 
4p+1 4n— 4p 4p+4 
1 1 1 1 
~ 4n—4p—8 4p+1 + 4n — 4p 
aoe 1 1 1 1 
1 1 1 1 
4n—4p—3 4p4+1  4n—4p 4p 


where n’ = 3n—1 or }(n —1), according as n is even orodd. When n is odd, 


a 1 1 1 1 1 1 ere 


4 
‘ 


| 
| 

| 

| 
| 

| 
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and when 7 is even, 


1 1 
~ 9n+1 2n4+1° 


a= 


In the first summation we are adding 4n’ + 4 constituents from one end of the 
column or series yielding the (4n+1)-th term of the product; in the second 
summation we are adding 4n’ +4 constituents from the other end. In the 
middle of the series the sets of constituents will overlap, if x is odd, and will 
not touch if n is even. When x is odd, then a represents the sum of the consti- 
tuents which have been counted twice; when n is even, then a stands for the 
negative value of the constituent not counted at all. Each of these constituents 
is of the degree — 2 with respect to m and as their number is finite, their sum 
cannot be of a higher degree with respect to n than the degree — 2. 
The (4n + 1)-th term, simplified, is 


—4 
9 
1 (4n—4p + 


For any positive integral value of the fraction 4/(4n — 4p + 1)(4n — 4p — 8) 
has its maximum value when p=n’. Writing n’ for p, we obtain a fraction 
which is less than 1/n?. Hence for any value of p, 


1 4 — 1 
4p +1 (4n—4p + 1)(4n—4p—3) ~4p 41 
It is easy to see that 


< a log (2n), 


where a is a constant greater than 3/2 log2. Hence 


p=n’ 1 | 
< a log (2n), 
and 

| 4 p=v 1 alog (2n) 


+1 (4n—4p 4+ 1)(4n—4p—3) ~ Si4p41 n? ~ n* 
But a number m can be found, such that, when n>m , we have 


alog'(2n) 1 
~ n(log 


where 6>1. Therefore, for n>m, the (4n+1)-th term is numerically less 
than the nth term of a series known to be absolutely convergent. 


| 
2n 1 
| 
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The (4n + 2)-th term of the product-series is 
—< 1 1 1 1 
p=0 pt+4 4p+1 4n—4p+1 4p+4 
1 1 1 1 
4n —4p 4p+1 ~ 4n —4p— 3 4p+4 


1 1 1 
+ + 44 4p 4n—4p4l 4p+4 


1 1 1 1 
4n—4p 4p +17 In—4p—3 4p+4 


where n’ is defined as before and where 


1 1 1 1 


2n+22n—1 


0, 


when n is odd, and 
1 1 “2 1 


when v is even. We see that the entire (4 + 2)-th term is identically equal to 
zero. 
The (4n + 8)-th term of the product-series is 


pn 1 1 1 1 
x(+ 4n—4p +14p4+1 4n —4p+4 4n+4 
1 1 1 1 
~dn—4p 41 4p +1 * 4n—4p 
4n — +1 G4 4 
1 1 1 1 
+ 4n—4p +1 4p In—4p 


— 1 4 


where 


when v is odd, and 


1 1 1 1 1 1 
~ In+1 In+4 Qn+47 2n +1” 


a= 


| 
| 
| 
| 
1 1 
= On+2 2n4 2’ ft 
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when x is even. The reasoning which we applied to the (4n+1)-th term will 


show that this term, too, when n>m, is numerically less than 1/n(logn)?, 
@~>1. 


We have now shown that the 4n-th term and the three immediately succeed- 
ing terms are either identically zero, or, for n>m, numerically less than 
1 n(logn)’. Hence the product of the series S, and S, converges absolutely. 


Again, take the conditionally convergent series, obtained by dropping the 
> J 5 
parentheses in the series : 


T=5 1 1 1 1 1 } 
6p+1 6p+2* 6p+3~ 6p+3 


and the divergent series, obtained by dropping the parentheses in the series 


( 1 1 1 1 1 1 


The 6n-th term of their product, viz., 


n—l 1 1 1 1 1 
> ( 


~ 6n —6p+ 3 6p+ 1 


1 
6n—6p +2 6p +27 6r—6p+1 6p+8 


1 1 1 1 1 1 
6n—6p +38 6p+1 6n—6p+2 6p+2° 6n—6p+1 6p+3 


is seen to be identically zero. 


The (6n + 1)-th term of the product of 7, and 7, is 


¥( 1 1 1 1 1 1 
6n—6p+1 6p+ 1 —6p—3 6p+ 6n —6bp—4 6p +3 
1 1 


~ b6p— Op +1 


1 1 1 1 
6n—G6p—8 6n—Gp—4 bp+8 
+¥( 1 1 1 1 1 


* 6n—6p+1 6p+1" 6rn—6p—3 6p +2 


1 
6n —6p—4 6p+3 
1 1 1 


1 1 1 
6n—6p—5 Op + 6n—6p—38 6p+2 6n—6p—4 43) 


1 —6 
=? 


where n’ is defined as before and where 


| 
4 

j 
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1 1 1 1 1 1 1 1 1 1 


1 1 


when n is odd, and a= —1,(3n+1)(8n+1), when x is even. By repeating 


the reasoning used in previous cases we find that this term, forn>m, is 


numerically less than 1/‘n(logn)’, 

The (6n + 3)-th, (6n+ 4)-th, and (6n + 5)-th terms in the product of 7, 
and 7, when subjected to this course of reasoning, all yield the same conclu- 
sion. The (6n+ 2)-th term is identically zero. Hence the product-series is 


absolutely convergent. 


§3. The general method. 


The method by which the above factor-series were constructed is simple. The 


harmonic series was modified by adopting spme simple law of succession of signs. 


To render the series conditionally convergent, make the number of + terms in 


a set equal to the number of — terms. If these numbers are unequal, then the 


series is divergent. Then add suitable finite numbers to the denominators of 


some of the terms in the set, so that, when the product of the two series is 


formed, the constituents of any set of the nth term in the product, when added, 


yield a fractional sum having denominators whose degree in n is higher by two 


than the degree of the numerators. We were able to prove the absolute con- 


vergence from the fact that in each complete set of constitutents of the nth term 


in the product-series there are as many positive constituents as there are nega- 


tive ones. To secure this even distribution of signs among the constituents for 


the sets in every term of the product, it is necessary that in one of the factor- 


series the number of + terms in any set be equal to the number of — terms in 
that set. This condition is not sufficient, because among the terms in the prod- 


uct some might have a preponderance of + constituents and others a prepon- 
derance of — constituents. This happens, for instance, when we multiply the 
series + + —— + + — — ete. by itself. 

In the proper selection of signs the following rule, which we give without 
proof, may be of service. Let a, denoting the number of terms in each set of 
the series }>w,, be an even number and equal to 2c; also let the first ¢ terms 
in each set be +, the remaining terms —. Let the number of terms in each 
set of the second series, }\v,,, be 6. Then, in order to secure as many + con- 
stituents in each set of a term of the product of the two series Su, and Dv, , 
as there are negative constituents, it is sufficient that d should be a factor of c, 


where d is the smallest value, numerically, satisfying the congruence b=d (mod a). 


il 
j 
| 
| 
| 
| 
| 
| 
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In explaining the further process of constructing our series we shall start out 
with a particular selection of signs, but the process is the same as for any other 
selection, similarly made. Let a=4, then c=2 and d=—1, a 
factor of c. Accordingly, the signs of terms in each set of the first series are 
++——. Let the signs of the 6 terms in each set of Dv, be ++—. 
We have now the two factor-series obtained by dropping the parentheses from 


the series on the right hand sides of the formulas: 


p= 1 1 1 1 
a, 4p4+1+ a, 4p+2 + a, 4p t+ 3 


and 


fee 1 1 1 
2 
in which the Greek letters are quantities to be chosen, if possible, so‘that the 
product of the two series shall be absolutely convergent. 
For brevity, we shall, in the series Y7w,,, represent by {w,,+ 4} a fraction 
1 (ap + a), and, similarly, in the series Sv, , by | v,, +8} a fraction 1/(bp + B). 


Accordingly we have, dropping the parentheses as before, 


p=2 
> 4,,= >» (Uy, + + 1+a,}— (Uy, +2 +a,}— {u +3 + a,}) 
9=1 
and 
+ + (Us, + 1 + B,} + 2 + B,}). 
p=l 


In the product of Su, and Sv, a set will consist of 12 constituents. The 


Jirst set in the (12n)-th term will be (since {v,,—9+8,} = {v,+8,}, and 


similarly in other cases) 


(Uy, +3 + 9+ B,} (Uy, +2 +45} {v,,—8+B,} 
+4,) + (Uy, — 2 {v,,— 4 + B;} 
+ — + 4, ; — 1 + —{ — 6 + a5} {v,.+ 


+ +1+ By} { tt, —8 + a,} + 2 + By} 

Here each of the quantities 8,, 8,, 8, occurs four times. We have broad- 
ened our assumptions by attaching a single accent to each letter the first time 
it is repeated and a double and triple accent the second and third time it is re- 
peated. Accordingly 8,, Bi, 87, By, B,, By, By may 
in general represent each a different number. Similarly, the letters a,, a,, a,, a, 


receive a single accent the first time they are repeated in a set of constituents 


and a double accent the second time they are repeated. 


i 
OO... 
| 
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We shall limit ourselves to the case where, in any term of the product series, 
) 

each set, when multiplied by n, yields a product that converges toward zero 

when n=co. Accordingly, if the set I be multiplied by n, we get, for 

n= co (supposing the Greek letters to be positive constants, or variables which 

approach positive finite limits), the first of the two following equations : 

— 3} — {v,,—8 + B,} — {v,,—7T + + 

+ } — {v,,—8 + B,} + {r,,—7 + 

— Br} — { 1 +87} 2487} =0. 


f 
4 


The second equation in II is got from the (12m +1)-th term by the same 
procedure. All the even terms between the (12n)-th and the (12 + 12)-th 
yield the same equation as the (12n)-th term ; all the odd terms yield the same 
equation as the (12m + 1)-th term. 

The Jast set in the (12n)-th term of the product is 


im + + By} fu, »—8+4,} + ,+14+87) — 7 + 4,} 
+ ~14 87} {u,—5 +4) 


on — 2+ 83} {u, 2— 4+ 2— 3 


—6+ i} {2 — — {%%, tg + 1+ a3} 
12n —8+8,} {2 +2 2+ a3} — —9+8B,} +47}. 


¢ 

Sq 

yt 

+ 

9 ry ry 
+ = + —5+B)} {u lig — 
+ {ty 

Sy 

yu 


Assuming set III, when multiplied by n, to yield a product which converges 
toward zero, when n=, we get the first of the following three equations : 
{u,.— 8 + {U,.— 7 > a,} {u,.—6 + a,} + {u,,.—5 + a,} 

{u,,—4 +a;} + {u,,—3 + +a;} 1+ a,} 
— {u,+1+a)} —{u,+2+a5} 
+ 42 —8+4,} {u,,—7+4,} —6 + {u,,—5 + 
+ | + {u,+1+al) + =0, 
+ {u,—8+a,} + fu,—T+a,) + fu, 

+ {u,—4+a)} — {u,—3+4a)} — — {fu,—l+a_, 


— {u,+ai} + + =0. 


The second and third equations in IV are derived from the last set in the 
(12n+1)-th and (J2n+2)-th term, respectively. The (12x + 3)-th, 


Trans. Am. Math. Soc. 3 
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(12n + 6)-th, and (12n+ 9)-th terms yield the same equation in IV as the 
(12n)-th term; the (12m + 4)-th, (122+ 7)-th, (12m +4 10)-th terms the same 
as the (12n+41)-th term; the + 5)-th, + 8)-th, (12x +4 11)-th the 


same as the (12n + 2)-th term. 
The equations II, whea simplified and by the substitution of Vio for Vis 


made to apply to other sets in the terms of the product, are 
— + + (ey, — 4+ 
+ {v,,,—2+8,} — } —{ + 2 + By} =0 
—9+8,} + + {%,—5 + B;} 
— + 81} — — +1487) = 


The equations IV, when simplified, w,,, being written for u,,, become 


| —T+a,} + (Uy, — 4+ 4, +2445} =0, 
(VI) — 8 + 4, — +4,} — + =90, 
—6+a4, (Myo, — 3 + 4, } (Uys, + + =0. 


If we aim to assign to the Greek letters constant values, then, in every equa- 
tion in V each fraction must admit of being associated singly with another fraction 
in that equation which is numerically equal to it, but of opposite sign. This 


relation is brought about by the following six equations: 


Vi, — 9+ C2, — 3 + B;} —6 + 
—7+8,} = = +2+8;}- 
The same considerations applied to equations VI yield the following six rela- 

tions : 

Ui, — T+ = = (Ui, —4+4;} = | + 2 
+ = | Win, + 3+ 4,} = [2 lin + 3 +44}. 


Applying relations VIII, one may write the series }>w, thus, the parentheses 


being suppressed : 


= tig, — 8 +4,} 1 +4,} —6 + 
(1X) — + + {2 —3+a)} 
— {u,,—8+4,} — {u,,—T+4,} + —6+a,} 


<4 ) f f 
+ {u,,,—5+a,} — {u,,,—8 + 


if 

4 


1901] SERIES WHOSE PRODUCT IS ABSOLUTELY CONVERGENT 35 


Applying relations VII, one may write the series }v_ thus, 


ing suppressed : 


p=e 

= 
pi 

(X) + 


+ 


Series IX is conditionally convergent; series X divergent. 
any constant positive values may be assigned to the Greek letters. 


of the two series is absolutely convergent. This may be shown by examining the 


+ {2 
+ {v,,,—5+ 8, 


8+ B, 
i» +8; 


the parentheses be- 


—7+8,} 
4+ 
12» — 4+ 


In both series 
The product 


12n-th term and the eleven immediately succeeding terms of the product-series 


in the same way as we did the terms in the product of S, and S, ; 


We shall 


here write down the expression for the (12m + 1)-th term only, viz., 


p=v 


(+ + 16 + a,} — 


p=1 


+ + 8 + a, 


+ 4+ @,} 


Uion—12p + 8 + a, 
+6+a,! 


2p 


+ T + 


+5+8,} 


—12p 


fas 


+ 9 + 


—8 a, Vion—12p 15 + B, + 


on—12p 9 + a, 


u 


12n—12p 


+5+ a, 
+9+a,) 


ion—12 2p 

Uion—19p 
Vio 2n—l2p 


Vis n—l2p 


2n—l2p 


+16 +a, 


12n—12p 


+7+4a,} 
+5+a,} {2 
+ 8+ 3} {2 
+4+8,) 
+ + B;} 
+ 4 + {1 


{v,., — 8 + A,} 
— 6 + 
—4+ 
—8 + 8,} 
V2, — 6 B } 
— 4+ 
— T+ 
—9 +4} 
—38+4a)} 


ad 
! a,} 


— 5+ a,} 
— 8 + 


+ 44+ 4,} 


where n’ = 1n when n is even, and rn’ =1(n+1) when n is odd, and where 
In this ease a@ consists of one constituent 


a is used in the same way as before. 


when 7 is even, and of eleven constituents when 7 is odd. 
reasoning as that applied in the series S, and S, it follows that the (12n + 1)-th 


By the very same 


| 
| 
} 
1¢ ° 
hi 
= 
5+ + 
9+ 8, 
hl — +B, 
p=n’ — 5 + B, | 
+> (+ Win — 8 + 4, | 
ep — 6 + | 
4+ 
— \—8+a}+: 
4 
a= @ | 
p=n’ 
n’ 
p=1 
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term of the product of IX and X, for n>m, has a numerical value less than 
1 n(logn)’, where @>1. The two factor-series 1X and X differ from the pairs 
S,, S,and 7,, 7, in this—that (suppressing in each series each parenthesis 
which encloses a set) corresponding terms in IX and X need not have the same 
numerical values. However, the three pairs of factor-series have in common 
one property, to which allusion has not yet been made; viz., in one of the series 
of each pair, the sum of the terms in each set is identically zero, so that the 


sum of the series is itself zero. 


COLORADO COLLEGE, COLORADO SPRINGS. 
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SETS OF COINCIDENCE* POINTS 
ON THE NON-SINGULAR CUBICS OF A SYZYGETIC SHEAF* 
BY 
M. B. PORTER 


I, 


If C, = 0 be any non-singular cubic and 


zy 
du 
ab 


be an everywhere finite integral attached to this curve, the point (a, 6) being 
a point of inflexion, the necessary and sufficient condition that 3m points 
P,---P,,, of C, lie also on an m-ic is given by ABEL’s theorem, namely : 


(1) 4, = 0 (mod. @, 
1 


where w and @’ are the moduli of periodicity of u and 


a" 
= f du 
ab 


the points P, being the points (x,, y;). 

If 3m — s —1 of these points P, be taken as fixed and we suppose the m-ic 
to have a contact of order s—1 at u,, the m-ic will still cut C, at a point wu, 
dependent on wu, and by (1) we have: 


su, + u, =c (mod. 
where c denotes the negative of the sum of the w’s of the arbitrarily chosen fixed 
points. 


We consider the following sequence of n such congruences : 
su,tu, =e 


Su, + Us +} (mod. @’); 


su, + 


* Points where a cubic can have an eighth order contact with cubics of the syzygetic sheaf 
are called by HALPHEN coincidence points of the cubic. 
t Presented to the Society at the New York meeting, June 29, 1900, under a different title. 
Received for publication November 16, 1900. 
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if we require that uv... = w,, i. e., that the curvilinear polygon of points of 
parameters u,---,,, be a closed polygon,* the necessary and sufficient condi- 
tion will be : 


(2) [s"— (—1)"]u, =c’ (mod. a, o’). 


In case m = s=1, we havea rectilinear polygon of x sides inscribed and cir- 
cumscribed in C,, (2) becoming in this case, 


(2’) 2”— (— 1)"] u, = 0 (mod. a, o’). 


The number of actual n-gons is given by a formula of PicquetT* and it is 
evident from the nine perspective transformations of C, into itself that any one 
of these n-gons will be perspective with some other n-gon relative to an inflexion 
point. 

HaLPuEN ¢ has investigated the points uw = (n’@ + n”w’)/3m which contain as 
special cases the vertices of these rectilinear n-gons for the non-singular cubics 
of the syzygetic sheaf 2° + +° + 2 + 6aryz = 9, and finds that the locus of these 
points as a varies, which is evidently a combinant of the sheaf, consists of eight 
irreducible curves when m is divisible by 3, and of nine such curves when m is 
not so divisible. 


Il. 


It is the purpose of this section to consider certain geometrical relations that 
subsist between an inflexion triangle and its associated group of in- and circum- 
scribed rectilinear triangles. By (2’) the number of such triangles is 24. 


*The Schliessungsproblem here suggested is a slight generalization of that considered by 
Picquet (Journal de l’Ecole Polytechnique, vol. 54, 1884). The method of enumera- 
tion used by PICQUET is of course applicable here, but the number-theoretic results arrived at 
are completely general. Thus for n prime the number of n-gons on the part of the curve cor- 
responding to » will be: 

a" —8 


[A] 


n 


since s+ 1 values of u must be rejected as corresponding to the s-contact points. In case n be 
not prime, to obtain the number of n-gons it would be yecessary to reject besides the s+ 1 
s-contact points all solutions corresponding to polygons whose number of sides dividesn. De- 
noting by ¢(s, m) the number of vertices of such m-gons on the part of the curve correspond- 
ing to w we have: 

[B] (1<m/ Sn), 
where the summation is for the different factors m’ of n. 

By [B] for n + 2 we get : 


n 


n n 
denoting the different prime factors of n. For n = 2 we have 9 = F—2. 
The expressions [A] and [B} may be regarded as establishing FerMAt’s theorem and its gen- 
eralization. 
t Recherches sur les courbes planes du troisiéme degré, sMathematische Annalen, vol. 15. 
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These twenty-four triangles can be divided into four groups of six each, each 
group being associated with one of the four inflexion triangles. Further the six 
triangles of any group can be paired in nine ways so that each pair shall be per- 
spective in three ways, the centers of perspectivity for each pair being the three 
inflexion points lying on a side of the associated inflexion triangle. 

Thus for the inflexion triangle whose sides may be denoted by 


neo’ + nw’ 20 + nw’ 
@ + ‘ 6 (n=0, 1, 2), 
3 


the scheme is as follows: 


@ 


nw’ 


[A] 5+-3 


(n+ 


9 


o 
gt 5° 
40 (n—1)o 


9 3 9 3 


where ABC is perspective with A’B’'C’, with B’C’A’, and with C’A’B’, 
the centers of perspectivity being #, 203, and w/3 respectively. Thus the 
nine intersections of the sides of these two triangles lie three by three on the 


harmonic polar of 20/3, 
Referred to one of these in-cireumscribed triangles, as @ 9, — 20 9, 4@ 9, the 
equation of C,, can, by a suitable choice of the constants of projection, be written : 


[A]* + yet vy + 
the other sheaf of cubics in-circumscribed in this same triangle being 
[A‘] yz t+ t+ + 


* This equation will be referred to indifferently as sheaf [A] or cubic (of sheaf) [A]. 


H 
3 3 | 
20 nw’ 40 no 

o no’ 20 no’ 40 no’ 
no 20 no’ nw 
gt 
20 (n+1)0’ (n+1)o0’ 
| 
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where [A’] is derived from [A] by the involutory transformation 

The two eubies [A] and [A’] are evidently transformed into themselves by the 
three transformations : 
the remainder of the 18 linear transformations of C, into itself depend on the 
parameter 7. If a straight line be drawn through any vertex of the triangle of 
reference and the two variable points of intersection with C, be put in corres- 
pondence we have the three involutory transformations of [A] or [A’] into 
themselves given by 
Under transformation [C] the nine inflexion points will be interchanged with 
the vertices of three in-cireumscribed triangles and all the remaining vertices of in- 
circumscribed triangles will be merely interchanged. Thus, of the covariants 
whose vanishing gives the vertices of the triangles in question, three will go over 
into the sides of the associated inflexion triangle and must therefore be conics 
circumscribing the triangle of reference, while the remaining covariants will be 
merely interchanged or transformed into themselves under the transformation [C]. 

To obtain these conies it will thus only be necessary to determine the equa- 
tion of the sides of the associated inflexion triangle. 

The Hessian of [A] is 

P+ Pte — — + + + = 0; 
thus all the cubics of either sheaf [A] or [A’] have the fixed inflexion triangle : 

where «& =1. By the application to this inflexion triangle of the transfor- 
mation [C] we find that the vertices of three of the in-cireumscribed triangles of 
the sheaves [A], [A’] lie on the conics: 


(a) ry+ 
(8) ry +eyz+ ez =0, 
(y) +eyz+erz=0. 


Each of these conics has a double contact with two sides of the associated in- 
flexion triangle, the third side being the chord of contact. The Hessian of the 
net determined by (a), (8), (vy) being the sides of the triangle of reference.* 
*The conics a, 3, y may be obtained directly without recourse to the Hessian ; for if 
az + by +cz=—0 be the equation of a side of the associated inflexion triangle we must have, ap- 


plying [C], + byz + czy = p( aye + bry + that p = i.e, a=b=c or a= eb = 
or a = =ee. 


} 
| 
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The vertex of any in-cireumscribed triangle is the tangential of three points 
whose affixes are given by u = (na + n'w’) 18. The loci of the nine points 
associated with the vertices of the triangle of reference on which the w points 
lie three by three are: 

(a’) x z2=0, 
(B’) 
(7) 2 —2y=0. 
These conics are the first polars of the vertices of the fundamental triangle rela- 
tive to the inflexion triangle, and have precisely the same relation to the funda- 
mental triangle that (a), (8), (vy) have to the inflexion triangle. The Hessian 
of their net is thus the sides of the inflexion triangle. If the inflexion triangle 
be taken as the triangle of coordinates, [A] can be written : 

P+74+2 4 6bryz=9, 
where 

= + + +2), 

= W3e + 2n (x + Cy + €), 

z= W3e + 2n (x + ey + €2), 


9 


wW/2T + 87’ 


Writing 
A= VW8F4+2n, A, = W3e + 27, 
we have, as the equation of a side of one of the variable inflexion triangles of [A] 
(A, +A, (A, + PA, + A)y + (A, + A, + = O 

which envelopes the locus : 
pusA,+ A, + A,, 
po =A, + +€A,, 
pw=r,+€A,+ 


we + vu? + uv? =0. 


This equianharmonic curve of class three is inscribed in all three of the variable 


inflexion triangles of [A]. 
The locus of the variable vertices of these inflexion triangles is found to be 
three sextics. 
The equations of the nine joins of the vertices of the triangle of reference and 
those of the associated inflexion triangle 
ey = r—ey=0, 
y—a=0 y—ez =0, 


2—er= —exr=Q. 


~ 


i 
or 
z—x2=0, 
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Since any three of these equations, picked out after the manner of a term of a 
three-row determinant, are simultaneous we have the theorem : 

Each in-circumscribed triangle is in six ways perspective with its associated 
inflexion triangle. * 

There remain two more triangles associated with the inflexion triangle under 
consideration. The loci of these vertices are easily determined by the method 
employed by HaLpuHen. Let x’y’z’ be the current coordinates ; the tangent at 


xyz is 
+ y® + 2nyz) + + 2 + + 2'(Qyz + + = 0. 


If we make the substitution «’:y':z’ =z:2:y which transforms [A] into it- 
self, it is clear that the locus : 


+ + 2nyz) + w(Qry + 2 + + y(Qyz + + Anry) = 0, 


will pass through the vertices of an in-cireumscribed triangle. Eliminating 7 by 
means of [A] we get: 


ye? + + — — — = 0, 
that is, 
+ ex + + + ex’y) = 0.7 


These two equianharmonic cubics are in-cireumscribed in three of the inflexion 
triangles of the sheaf : 


[D] +24 6hryz=0, 


and have the fourth inflexion triangle for an inflexion triangle. 

It is to be noted that the conicsa, B, y, a’, 8’, ¥ are taken together a 
combinant of the sheaf of ecubies [D] , there being in all thirty-six such conics, 
each of which cireumscribes one inflexion triangle and has a double contact with 
two sides of another, the third side of the second triangle being the chord of 
contact. The role played by these conics in the geometry of the sheaf [D] has 


not, so far as the writer is aware, been investfgated. 


YALE UNIVERSITY, NEW HAVEN, Conn. 


The same thing is well known to be true for any two inflexion triangles, the six centers of 
perspectivity here being the vertices of the other two inflexion triangles. The theorem in ques- 
tion may be deduced from the fact that the vertices of the inflexion triangles lie three by three 
on the harmonic polars. 

+ These cubies are together with y?z + 22x + 2’y = 0 a combinant of the sheaf of curves [D] 
below and determine on it the vertices of nine in-circumscribed triangles. These cubics belong 
to the set of eight obtained by HALPHEN, loc. cit., and were given by Professor H. 8S. WHITE, 
Transactions of the American Mathematical Society, April, 1900. 


NOTE ON NON-QUATERNION NUMBER SYSTEMS” 


BY 
WENDELL M. STRONG 


ScuEFFERSt has divided all number systems into the quaternion and non- 
quaternion systems and has shown that the » fundamental units of a non- 
quaternion system may be so chosen that the multiplication table takes a particu- 
larly simple form, which is in turn characteristic of the non-quaternion systems. — 
In this paper I shall show that the choice of the units may be so regulated that 
the multiplication table becomes still simpler. 

ScueFFER’s form, which we shall call the regular form, has the following 
characteristic properties : 

1°. The units are divided into two essentially different classes, the e’s and the 
n’s, with the notation : 


2°. The sum of the 7’s is the modulus (or idemfactor). 
3°. As to the products 7,7, , we have the formulas : 


5 79, = 9 (A,#=1,--°,8; 42). 
4°. For each e, there is one and only one 7, such that 


= 


and for each e, there is one and only one , such that 


The particular units », , 7, thus related to ¢, may or may not be distinct. The 


unit ¢, is said to have the character (X, p). 
Every other product of an 7 with e, is zero. 
5°. The product of two e’s contains only e’s and, moreover, only e’s of lower 
index than either of the factors—that is, with certain constants Yue? 


* Presented to the Society at the Columbus meeting, August 25, 1899. Received for publica- 
tion December 6, 1900 
¢t Mathematische Annalen, vol. 39, pp. 307-313, 1891. 
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i—1 


We note as of especial importance the particular case : 


= ef, = 0 (i=1,---, r). 


6°. (Corollary of 4° and 5°.) If e; is of character (A, «) and e, of character 
(u,v), the product ee, can contain units of character (A, v) only. If e; is of 
character (A, and e, of character (p , «) where p + the product is zero. 


We shall for the present consider a regular system from which the »’s have 
been deleted, that is, the part consisting of the e’s and their products with each 
other only—this is called a degenerate system.* A degenerate system is said 
to be regular if it is in a form to satisfy 5°. 

The sequel depends essentially upon the following linear ordering of the prod- 
uctst of the multiplication table. 

(a) The products are divided into groups and the groups themselves ordered, 
as follows: 

The first group contains all products ¢,e, and (j=1, 2, 

The second group contains all products ¢,e, and ee, (fj=2, 3, ---, 
The /-th group contains all products e,e, and ee, (j=k, k+1,°°-, 
The (7 — 1)-th group contains all products and (j=r—1, 
The r-th group contains ee .t 


(2) Within a group, say the i-th, the products are ordered thus: 
€6,. 


In any system § there are certain products, in number m (0 =m < r), each of 
which is linearly independent of the products preceding it in order. These 
products, which are of fundamental importance to us, will be called independent 
products ; they will be denoted in order of precedence by 


* SCHEFFERS’s “‘ ausgeartetes System,’’ loc. cit., p. 308. 

t ‘* Product ’’ will henceforth be used to denote the product of two e’s unless otherwise stated. 

tIf the multiplication table be written in rectangular array, the first group consists of the 
first line and column, the second group of the part of the second line and column not contained 
in the first, ete. 


§ ‘System ’’ will mean ‘‘ degenerate system ’’ while such systems alone are being considered. 


(t>J)- 
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To repeat: 7, is the first product different from zero; 7, is the first product 
which cannot be expressed in terms of 7, ; 7, is the first product which cannot be 
expressed in terms of 7, and 77,; and so on. 

The set of “independent products” is a particular set of linearly indepen- 
dent quadratic products of the system, of which every set then contains m 
elements. Of course, under a transformation of the system the number m is 
invariant but the set of “ independent products” need not be. 

A system whose multiplication table contains m independent products will be 
valled an m-product system. 


THeorEM I. Any m-product degenerate non-quaternion number system can 
be so transformed that (1) the transformed system will be regular ; (2) the m 
independent products of the transformed system will be the first m units of 
that system ; (3) the order of equivalence of independent products and units 
will be: 


2? 


The form indicated by this theorem will:be called the normal form. 

Proof. Assuming that any (m— 1)-product system can be reduced to the 
normal form, we shall prove that then any m-product system can be reduced to 
that form. 

Let any regular m-product system be transformed by taking the independent 
products as the first m units; that is, let 


the choice of the remaining new units, 


Cmt1? “mir? 


being subject to the usual restrictions in the transformation of a number system, 
and also to the restriction* that only units of like character shall be united in a 
transformed unit. We proceed to prove that the transformed system is regular. 

In the first place, in the transformed system the first m units, and these only, 
will enter the products. For, the transformed system is an m-product system ; 
hence its products must contain at least m units ; again the transformed units are 
linear combinations of the original units and consequently any product @;é, can 


be expressed in terms of 7,,7,,---, 7,,, that is, in terms of @,, @,,---, @,. 
2 m l 2 


m 


Hence, regularity is preserved in so far as products @.@. (i> m,7 > m) are con- 
I J 


cerned. 
It remains to consider the products @;@,, where in each product one index is 
less than or equal to m, that is, the products 


* For the units ém+1, ---, é- one may indeed choose certain r — m of the original units. 
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We consider one such pair of products 7,@., @,. In the original system, 
J 
we have 


Any product in the original system, one of whose factors consists of units of 
index lower than w precedes tly independent prod uct 

T; é, 
and so, by the definition of independent products, is expressible linearly in terms 


of Hence either product of = 7, with é, (j= 7) can contain 


only @,, @,, «++, @, Hence we see that the transformed system is regular. 


4° 

We now have an m-product regular system in which the units entering products 
are m in number and are the first m units of the system.* The unit @, being de- 
leted, a regular system remains in which there are m — 1 units entering prod- 
ucts, and m — 1 independent products. In aecordance with our assumption the 


deleted system may be reduced to the normal form; let the reduction be made 


, 


and denote the new units by ¢,, ¢, ---e,., the new independent products by Ts 


T,, +++, 7 _,. Since the deleted system is normal, 


T= €., 


» 
3 


On the restoration of @,, which will now be denoted by e,, we have the 
original m-product system which we had before deletion but ina new form; it 
will evidently still be regular. 

Since the products e,e,, ¢¢, all vanish, if ee, = e, was an independent prod- 
uct in the deleted system, 
ae, 


i 


will be an independent product now. Then m — 1 of the independent products 


will be 


Before searching for the remaining independent product let us make the trans- 


formation : 


= é, €, = + 


m 


the remaining units being unchanged. The regularity has not been disturbed 
and the independent products remain unchanged. 

Denoting the transformed units by ¢,, ¢,, ---, ¢,, we have as m — 1 of the 
independent products the units ¢,, ¢,, ---, ¢,.- The only other unit which en- 
ters any product is e,; hence, the first product which contains e, is the remain- 


ing independent product ; denote this product ee, by 7,. 


* We have by this first transformation made a twofold simplification of the regular form of 


the system. 


= as 
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If e, is the independent product immediately preceding 7, , 


Ce, = 7, = + 46, +--+ + ae; (a, 


gy 


Now we make the transformation : 


and prove that the transformed system will be regular and that its independent 


products will be 


that is, that the transformed system is in the normal form. 

The transformation in effect omits the unit e, and leaving the remaining units 
in their original order introduces 7, as the new unit @,. The products of the 
new system are the products of the old (apart from the vanishing e,-products) 
and the products involving 7,=@,. Of these all not involving @, obviously 
have regular expressions, since in the original system the first product involving 
e, was ee, = 7, = 6, (9 > i, h> ‘), and so all products 2,2, involving ¢, have 
k>i, l>i and may be expressed regularly, the e, being replaced by 


€., 5 +++, @_,. And it is easy to see also that the products involving @, are 


t 
expressible regularly. 


Further, in the new system @,, ---, @_, arise as before as sequential inde- 
pendent products from the products preceding the product ¢ ¢, , the products in- 
volving @. as a factor obviously being expressible in terms of the products in- 

5 


volving @,,---,@_,- Then, as the next independent product, 
(iy, i<h) 


enters, and by the intervention of the @., with @,, ---, @,_, to replace the orig- 
inal e,, the @,,, ---,@, enter as before as sequential independent products. 
Thus after the transformation the independent products in order are @,, ---, @, - 

Thus the general step of the induction proof is established, and it is evident 
that a zero-product system is normal; hence we have proved that evciry system 


can be brought into the normal form. 


TuHeoreM Il. The product of two independent products is not an inde- 
1 
pendent product. 
Let e, and e, (it < j) be independent products in a normal system and let 
=a 
Pd 
Then 


= (€,¢, )e, = (Ge, + U0, + 


Henee ee, is equal to a sum of products which precede it, and cannot be an 
independent product. 


t<h). 
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We have thus far considered the degenerate system, and have defined the 
normal form for that alone. We call the complete non-quaternion system nor- 
mal if the system is regular and the degenerate system normal. It is necessary 
to show that the transformations employed have not destroyed regularity with 
respect to the products of the e’s with the 7’s in order to extend our results to 
the complete system. 

The regularity of the complete system could be destroyed by transformations 
of the degenerate system which maintain its own regularity in one way only ; 
that is by uniting in a transformed unit, two or more units of different characters. 

In the first transformation of the degenerate system it was explicitly stated 
that the units united in a transformed unit should all be of the same character. 

The other transformations which united two or more units in a transformed 


unit were made by means of equations of the form : 


and all such transformations are permissible, for one sees by 6° that the units 


contained in a product ee, must all be of the same character. Hence we have: 


THEOREM III. Any non-quaternion system may be reduced to the normal 
form. 


YALE UNIVERSITY, June, 1900. 


ON THE REDUCTION OF THE GENERAL ABELIAN INTEGRAL* 


J. C. FIELDS 


$1. 


In their exceedingly interesting book Théorie des Fonctions algébriques et 
de leurs Intégrales, pp. 344-345, AppELL and GoursaT have given a brief 
sketch of HErMITE’s method for obtaining by rational operations the reduced 
form for a hyperelliptic integral, prefacing the same by a remark which would 
seem to imply that the more general problem in the case of the Abelian integrals 
was still awaiting its solution. 

To this remark was due an attempt on my part to solve the indicated prob- 
lem, and the method by which J succeeded in effecting its solution will be found 
in the present paper. The results here given, it may be remarked, have been 
in my possession now for about four years and were presented at the annual 
meeting of the American Mathematical Society held in Toronto in 1897 but 
have not hitherto been published. 

Let 


F(z, u) = =0 


be the equation to an irreducible algebraic curve of degree n. 

The form of this equation we shall suppose to be the standard one in which 
the only multiple points are double points separate from the branch points and 
with distinct tangents. We shall throughout regard wu as the dependent variable 
and shall further assume that no line parallel to the axis of wu is an inflexional 
tangent or includes more than one point of the nature of a branch or double 
point or is tangent at a double point, the singular points too being all supposed 
to be finite and the asymptotes all distinct and none of them parallel to an axis 
and no two parallel to each other. 

That the most general algebraic equation can be reduced to such a form by a 
birational transformation is a well-known fact, and in such a reduced form it is 
customary to treat the equation. 


* Presented to the Society at the Toronto meeting, August 16-17, 1897, under a different 
title. Received for publication November 28, 1900. 
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On the above hypotheses a term in wu" will present itself in the equation to 
our curve and we shall find it convenient to assume that its coefficient ¢,, has 
the value 1. 

Also as a consequence of the said hypotheses z and ~ can only become infinite 
together, and further for any given value z = a the equation F(a, wu) = 0 will 
never furnish less than x — 1 distinct values of wu. 

On indicating any arbitrary rational function of z, uv by F(z, u) the general 
Abelian integral corresponding to our curve F’(z, «) = 0 will be 


(2) [Re , 


This integral we know may be expressed as the sum of a rational function of 
z, u, of an integral of the first kind, of a linear function with constant coeffi- 
cients of p elementary integrals of the second kind, and of a number of elemen- 


tary integrals of the third kind, where 
p= 


is the number known as the “deficiency” of the curve, d indicating the number 
of the double points. 

Starting out now with any arbitrary Abelian integral we purpose in this paper 
to reduce the same to a sum of the character in question, employing thereto a 
succession of processes, none of which involves other than rational operations 
in our variables. 

By aid of the relation F(z, uw) =0 it is known that any rational function 
E(z, wu) may be reduced to the form of a polynomial in u of the degree n —1, 
whose coefficients are rational functions of z, and on applying the principle of 
partial fractions to these functions of z we may express /?(z, w) in the form: 


(3) R(z,u) = (—. «) + Riz, u), 


where 22,(1/(2 — a,), w) denotes a polynomial in 1/(z—a,), and R(z, u) a 
polynomial in z, uw, the degrees of these polynomials in the variable wu not 
being greater than n — 1. 


Our Abelian integral then takes the form : 


1 
(4) u)dz = LAC u)dz. 
A 


We shall assume that /?,(1/(z —,), u) contains only negative powers of 
z—a,, as all terms involving other than such powers may be supposed to be 
included under 22,(z, uw). 
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§ 2. 


For the further reduction of our integral we have need of a formula which we 


shall now derive. The formula in question is the following: 


(9) 


du A (u) c F(a, u) 


where the summation is supposed to extend to all branch and double points 
(a,, 6,), and where for the constant coefficients ¢ we have 


1 2 
c= or 


according as (a,, b,) is a branch or double point. 
Starting out from the identity 


u 


uju=uy uj u=u,—} 


7 
u u 


F 


where uw, , U,, +++, U,_, are the n — 1 roots of F(z, vu) = 0 conjugate to uw, we 


1° n—l 
see that the denominator of the expression on the right is a symmetric function 
of the n quantities w, u,,---, u,_, and therefore a rational function of z. It 
is, in fact, the discriminant, an integral rational function of z of degree n(n — 1) 
whose factors z — a, correspond to the several branch and double points. In 
case adouble point corresponds to the value z = a, the factor z — a, will appear 
to the second power in the discriminant and in the case of a branch point to the 
first power, as is well known. 


is symmetric in the n — 1 quantities uw, .--u,_, and may evidently be expressed 


in the numerator of the above expression 


u=u) 


as a polynomial in z,u. The numerator itself may then be written in the 
form : 


Avw"'+4+ Aw"? 


where the coefficients A are polynomials in z. 

On indicating the discriminant by the letter D we then obtain for du/dz the 
expression 
6 Ayu"? 4.-.-4 A, 
®) dz = D 
where, as may readily be shown, the degree of the numerator in z, w is not 
greater than n(n — 1) and where in particular the degree of the term A, is less 
than this number. 

Suppose, namely, that the directions of the n points at © on the curve 
F'(z, uw) = 0 are given by the equations 


51 
= 
| 
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(7) u—-K2=0, u—Kz=0,---,u—Kz=0, 
where, according to our original hypothesis in regard to the asymptotes of our 
curve, the n coefficients « all have different values. The differential coefficient 
du dz will then have the values «,, «,,---, «,, respectively, for the several 
branches at o. 

Indicating the degree of the numerator in the expression on the right of (6) 


by v and representing by a,,a,,---, a, the coefficients of the terms of this de- 
gree in the elements A,u"~', A,u'~*, ---, A, respectively, we shall have 

(3) + +a, 


for the coefficient of z” in the numerator in question, on substituting for w in 
terms of z from the rth branch of the curve. Now in ease we had v > n(n — 1) 
the differential coefficient in (6) would be infinite for some branch of the curve 
at co unless the expression (8) be equal to 0 for each of the n values «,, «,, 

-,«, of «,. In this case, however, the expression in question being only of the 
degree xn — 1 must vanish identically and we should have a, = a,=---=a,=0. 
It follows therefore that v cannot be greater than n(n — 1). 

Assuming then that we have v = n(n — 1), substituting for uw in terms of z 


from the equation to one of the n branches at o, and putting z =o in (6), we 


derive 

9 a, a, 

) 5 + 8 + T 8 

where 6 is the coefficient of 2“"-" in D. 


Now this equation is of the degree » — 1 in «, and must be satisfied by the x 
quantities «,, «,, ---, «,. It must therefore be an identity, and we conse- 
quently have 

a,=0,a,=0,---,a =O,a =é,a=0. 


We see therefore that the degree of the coefficient A, , as well as that of the 

other coefficients A in the numerator of the expression to the right of (6), must 

be less than n(n —1). On applying to this” expression the principle of partial 

fractions, the various parts will evidently all be fractional in their character. 
The expression in (6) may then be written in the form: 


du { d(u) | 
(10) 2—ua,* (2—a)*| 


where the summation extends to all those values z = a, to which correspond 
branch or double points, and where the numerators ¢(~) and y(w) are poly- 


nomials in uv of degreen —1. 
We have already remarked that z — «, is a quadratic factor of the discrimi- 


nant J in case a double point corresponds to the value z = «,, whereas in the 


case of a branch point the corresponding factor enters only to the first power. 


- 
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In the summation above, then, the numerator y (1) in an element correspond- 
ing to a branch point must evidently be 0, and we shall prove that this also is 
so in the case of an element corresponding to a double point. 

Consider, namely, an element 


(a) 
: + ¥ 


where to z = a corresponds a double point. The other points of our curve cor- 
responding to this value of the variable will then be ordinary points by virtue of 
our original hypothesis, and the differential coefficient du dz will evidently be 
finite for each of the n — 1 points corresponding to the valuez =a. Its values 
for the two branches at the double point I shall indicate by m, and m, respec- 
tively. 

For the n — 1 points corresponding to the value z = a the summation in (10) 
and therewith the element here in question must be finite. It evidently follows 
that y(~) must be equal to 0 for each of the n —1 values of w corresponding 


to z = a, and on writing 


F(a, u)=(u — —b") ---(u—b"-*), 


we must have 
W(u) = — 


where c is a constant, for ~(w) has the degree n — 1. 
We may therefore write 


cF'(a, u) 
¥(u) = * 


and our element will have the form 


(2) 1 cF (a, u) | 


Now in order that this element may be finite for the two branches at the double 
point it is necessary that the expression in parentheses should vanish for both 
these branches. 


Writing this expression in the form 


$(w) + —bcF (a, u) 


we see then that we must have 


—a (u—b)’ 


$(b) +m, =0, 


(u 


cF (a, u) 
#0) + ml | 


=b 
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From this it follows that 


e(m, — m,) | aay | = 0, 


u 
we must have c= 0. 


It follows therefore that y(w) = 0 and the summation in (10) reduces to the 


form 


and as we have 


du 


dz 


where, as before, the summation is supposed to extend to every value z= a, to 
which corresponds a branch or double point. Now the differential coefficient 
du dz can only become infinite for the branch points, and for a branch point too 
it can only become infinite like (2 — a)~!, so that we see that in any case the 
numerator ¢(~) of an element in the above summation must equal 0 for each 
of the n — 1 values of wu corresponding to the valuez=a,. It follows there- 


from that ¢(«) must have the form 


cF'(a,, wv) 


$.(u) = u—b ° 
and for the differential coefficient du/dz we obtain the expression 
du cF(a,, u) 


dz (z—a)(u—b)’ 


where it only remains now to determine the value of the constants c,. 
First considering the case of a double point (a,, b,) we may evidently write 
the expression for our differential coefficient in the form 


du F(a,, u) 
dz~ (u— = a, +S 


where the value of the function f(z, w) for thé point (a,, b,) is unambiguous. 
On considering the respective values of this expression for the two branches 
passing through the double point, we shall have 


cF(a,u 


F'(a,, u) 

—b m,+f(4,, 6) = sem [Pi 4) 5 
e u=b, 

whence by subtraction 


(m, — m,) = — m,)c,[ 


a,b, ’ 
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and therefore 


In the case of a branch point (a,, 6.) we evidently have 


(u—b/ d du 
= —by =| 2(u— 


We have however also: 


du F(a, u) cF(a,u)(u—b/) 


and from these two formule combined we derive : 


(u— 6) 2c F(a,,u) 
z—a, |,, L(u—by z—a, 


Here the expression to the left is evidently finite, and it is also different from 
0 since by our original hypothesis the branch point (a,, 6,) is not at the same 
time a double point. We may therefore divide both sides of our equation by the 
expression in question, and obtain 


2F(a,, 
1= (u — b) | = C, 


whence in the case of a branch point (a,, b,) we have 


1 
C= 


We have therefore established our formula (5). 


§ 3. 


Returning now to the reduction of our integral in (4) we shall first consider 


fr . u) de, 
Z— a, 


in the summation appearing on the right. 
Supposing the highest exponent of 1/(z — a,) in the expression under the in- 


an individual element, 


tegral sign to be greater than 1 and indicating the same by r we may write : 


R,( +R ( . 
z—d, (z—a,) a, 


where f(w) is a polynomial in wv of degree n —1 and where #’(1/(z — a,), u) 
is a polynomial in 1 (z—a,), u of degrees r —1 and n —1 respectively in 
1/(z—a,) and wu. 


55 
2 
C= 
b, 
| 
_ | 
= | 
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We shall then have: 


a Z— a 


+ f| Siu) la 


a |\(@—a,y dz(z—a,)"| 


+ )+ (r—1)g,_,(«) 


(2 (z— a,) 


where g,_,(w) is a polynomial in u of degree n —1, as yet undetermined, and 


(11) 


where for du dz we have substituted its expression as given in (5), so that the 
summation with regard to e which here appears is supposed to extend to all 
branch and double points. We shall first suppose that none of the points of 
the curve corresponding to the value z = a, is a branch or double point. In 
this ease then we shall have a, + a, for all values of the a,’s. For the poly- 
nomial g,_,(w) then choosing 
= — 


we reduce our integral (11) to the form: 


+ de. 


‘-! is the highest power of z — a, 


Here, in the expression to the right, (2 — a,) 
which appears in a denominator under the integral sign, and on reducing the 
order to which w appears in the products g’_,(w)-$,(u) by aid of the equation 
F(z, u)=9 and on separating the factors (z—a,)’-' and z—a_ from one 
another in the denominators by the method of partial fractions, we express our 


integral in the form: 


1 
fal, u) d= + (. de 
1 
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where /?,(1/(z — a,), uw) is a polynomial in 1 (z — a,), uw of degree r — 1 in 
1/(z—a,), S(1(z—a), wu) a polynomial in 1 (z — a), wu of degree 1 in 
1(z—a,), and S/(z, uv) a polynomial in z, w, none of these polynomials hav- 
ing in uw a degree which is greater than n — 1. 

By the above process we have reduced by 1 the degree to which 1 (z — a,) ap- 


pears under the integral sign and by application of the same process to 


we should obtain a formula : 


1 
| 2—ayot 


: 1 
+2 fsr(, —a’ w) de+ 


where r — 2 is the degree of — a,), wu) in 1 
By successive applications of the process we should ultimately arrive at an 


expression for our integral in the form: 


1 ( (w) 


(13) 


+ = (. +4. | dz + S(z, u)dz, 
e A € e ¢ e 


where J?,(1/(z—a,), uw) is a polynomial in 1(z—a,), uw of degree 1 in 


1(z—a,), S(1/(e—a), uw) a polynomial in a), u of degree 1 in 
1(z—a), and S(z, w) a polynomial in z, uw. 


§ 4. 

We have obtained formula (13) on the assumption that no branch or double 

point corresponds to the value z= a,. Assuming on the contrary now that we 

have a branch or double point (a,, 5,) so that z — a 


, is included among the fac- 


tors z — a,, we derive from (11): 


| 


(z—a,)" (z—a,)’ 


where the accent in the sign of summation >~’ is intended to signify that the 


term corresponding to a, = a, is omitted from the summation. 


a, 
1 
4 dz 
| 
1 
| 
Z—d, 
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Here again we wish by a proper choice of g__,(w) to rid ourselves of terms 
under the integral sign which involve (z — a,)’ in their denominator. 
For this it will be necessary that the expression 


(15) S(u) + — 

be divisible by z — a,, after it has been reduced to the normal form in which « 
does not appear to an order higher than n — 1. Now if this expression in its 
reduced form is to be divisible by z — a, it must, as it stands, be equal to 0 for 
each of the n — 1 values b,, b,, ---, b{'°~” of u corresponding to the value z = a,, 
and must therefore be divisible by 


p,(u) = — b,)(u — bj) (u— BY”) = 
It follows then that 


ce, F(a,, u) 


u— b, 


+ — Dg) 


also must be divisible by ¢,(w), and since the degree of this expression in w is 
n — 1 we may write: 


+ (r — = » 


where « is a constant which is yet to be determined. 
For our function g,-\(¥) we must therefore have 


= 


and on substituting this in (15) we obtain: 
1 


which expression in its reduced form must be divisible by z —a,. Now we 


have : 
(wu — b,)b,(u) = ¢, F(a,, u) = ¢,{ u) — F(z, u)}, 


which is evidently divisible by z —a,. Also in order that the expression in 
(17) should be divisible by (wu — b,),(w) it is only necessary that the factor 


(7 — (w) 


should be divisible by « — 6,, which will be the case if we choose « so as to 
satisfy the condition 


(18) {(r — 1) — $,(,)}«# + = 0. 


On so choosing « the expression in (17) may be put into a form which is 


divisible by z — a, and must therefore evidently also, in its reduced form, be 
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divisible by this factor. Such a choice of « is of course always possible, except- 
ing in the case where the coefficient of « in (18) is equal to 0. 
We have: 


— 
according as (a,, 5,) is a branch or double point. The one case here excepted 
is evidently that in which we have to do with a double point (a,, 4,) and where 
at the same time r = 2, in which case the coefficient of « in (18) is 0. Sub- 
stituting the values just obtained for « in the expression already given above for 

we obtain : 


4f’(b,)-,(v) S(u) | 
9,-1( | (2r _ 2)(2r 3) 


| (27 — 2)(2r — 3) (a,, b,) u— r—1{ 


(r —1)(r — 2) 


according as (a,, 5,) is a branch point or a double point, the exceptional case 
being here of course excluded. 

The substitution of these expressions for g__,(w) in (14) will enable us to rid 
ourselves of the r-th power of z — a, in the denominator under the integral sign, 
the numerator 


Su) + — Dg — 
in its reduced form being then divisible by z — a, . 
By applying the principle of partial fractions to the terms of form 


we may, as in the section preceding, separate the factors (2 — a,)’—' and z — a, 
in the denominators, and on reducing the powers of wu occurring in the various 
numerators we may put (14) into the form: 


It follows then that 
3 or 1 
and that we therefore have: 
(19) 
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fal, — a,’ (z—a,y-' + — a,’ 
: (sc I: 


where —a,), uv) is a polynomial in 1 (z— a,), uw of degree r—1 in 


1(z—a,), S(1(z—a,), uw) a polynomial in 1/(z—a), uw of degree 1 in 
1(z—a,), and S‘(z, uw) a polynomial in z, w, the degrees in wu of these 
several polynomials being not greater than n — 1. 

By successive applications of the above process we shall evidently arrive at a 
reduced form, 


ay) (2 — Z— a, 


1 1 
+ | +> ‘ u) dz + S(z, ujdz, 
z— a, z—a, 


which is a form of the same type as that obtained in (13) for the case of the 


(20) 


section preceding, excepting that here 1 (z — a,) may present itself to the sec- 
ond power in the polynomial /2,(1/(z — a,), vw) where to z = a, corresponds a 
double point. 
We shall now consider more-in detail the special case r = 2 in which we 
have failed to get rid of the power 1/(z — a,) under the sign of integration. 
The difficulty here arose in connection with the equation (18) which takes 
the form 


0-« + f;(b,)=9, 
when + = 2 and when at the same time (@,, 5,) is a double point. This equa- 
tion cannot be satisfied by any finite value of « unless we happen to have 
SF. (6,) = 9, in which case « may have any arbitrary value. Supposing then 
that we have to do with this case we shall take « = 0 when from (16) we obtain 


fu) 


= — 


and the expression in (17) becomes 
1 f'(u)-4,( 
u): 
1774) 


which is divisible by (w — 6,)¢,(w) and in its reduced form is therefore divis- 
ible by z — a,. 

The numerator of (z — a,)’ = (z — a,) in (14) is then divisible by z — a, 
and 1/(z — a,) will therefore appear only to the first power under the sign of 


integration. 


_ 
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If however we have f;(b,) + 0, I shall define a function f,(~) by the equation 


Su) = flu) + 
where h = . 
Since = 1, it follows then that = 0. 
On writing 7 = 2 in (11) we shall have: 


\ ay e (2 ay 

J (2#— J (2— a) da, 

w) AP’ (a,, @) 
— » A ]- 
(z— de + J (z— a,)*(u 


+ 


Apart from the second integral on the right the expression here appearing is of 
the type just considered, in which we saw that we could get rid of the second 
power of 1 (z — a,) under the sign of integration. 

Hence in the case where to z = a, corresponds a double point we may evidently 
replace (20) by a formula of the type: 


J 2, — a,’ = (2 — + 


and under this formula, on putting 0 for the constant coefficient /,, may be 


(21) 


supposed to be included that also for the case in which a branch point corre- 
sponds to z = a,, for in this case the integral 


fal ude 
z— a, 


in (20) may be supposed to be included under the summation 


dz, 


the first power only of 1,(z — a,) here presenting itself under the sign of inte- 


gration. 
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§ 5. 


By the processes of the two preceding sections, therefore, we can reduce any 


fr u) de 


to the form given on the right of (21) or (13) respectively, according as a sin- 


integral 


gular point does or does not correspond to the valuez=a,. After the substi- 
tution of the reduced forms so obtained for the several integrals in the summa- 
tion to the right of (4) this equation will assume the form : 


h,F(a,, 1 
fre. u)dz = u) + ) ft, (= ) 


1 
si. uv) dz + Sve, u)dz, 


where the first summation on the right-hand side is supposed to extend to the 
double points (a, , 5,) only, the second summation to those values of a, for which 
negative powers of z— a, occur in A(z, uv), from which however we may ex- 
clude elements corresponding to branch or double points, and the third sum- 
mation to those values a, to which correspond branch or double points. 

The last two summations we may fuse into one, reducing the above formula to 
the form: 


h, F(a,,u 
| u)dz =P(z, u) + ) dz 


(22) 1 n+ ( 9" 


where the first summation on the right still extends to the double points alone 
while the second summation extends to those values of a, to which correspond 
branch or double points and over and above these to all those values for which 
negative powers of the corresponding factor z — a, appear in the expression of 
the function u). 

The function F'(a,, 


(z — a,)(u — b,) 


becomes infinite to the first order for each of the n — 1 points corresponding to 
the value z = a, and it is evident in fact that for a finite value of z none of the 
functions under the sign of integration to the right of (22) becomes infinite to 
an order greater than 1.* Apart from the points at o , therefore, the integrals 


* While employing the form of expression ‘‘ infinity of the first, second, etc., order ’’ in the ac- 
cepted sense of RiEMANN, I shall find it convenient for the temporary purpose of this paper to 
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on the right of (22) can only become infinite logarithmically. The residues cor- 
responding to the several] infinities are immediately determinable and we may 
suppose the logarithmic portion of the expression in (22) to be represented by 
an integral of the third kind which we shall indicate by (III) and which is 
made up of a sum with constant coefficients of a number of elementary integrals 
of the third kind. 

Formula (22) may then be reduced to the form 


(23) fRE, ujdz = P(z,u) + u)dz, 


where the integral f{ H(z, u)dz does not become infinite for any finite value of 
z. The function H(z, u) itself will then not become infinite to an order as 
great as 1 for any finite value of the variable. What the form of our function 
H(z, u) is would appear immediately from the forms of the expressions under 
the signs of integration to the right of (22). 

We shall find it convenient however to here determine directly once for all the 
general form of a rational function //(z, uv) which does not become infinite to 
an order as great as 1 for a finite value of z. 

As in (3), by the application of the principle of partial fractions, we may 


suppose our function to be expressed as a sum in the form 


4) H(z, u)= 


u) + H(z, u). 


The function H7(z, w) will or will not be infinite for a point corresponding 
to the value z = a, according as this,is or is not the case for the corresponding 
element /7,(1/(z — a,), wu) on the right. Writing the element in the form 


where the numerators o(w) are polynomials in u of degree n — 1, we see that 
it will become infinite to the order s for some point corresponding to the value 
z = a, unless we have 


o(u) = 90 


for each of the values w corresponding to z= a,. The number of these values 
therefore cannot be greater than n — 1. 

It follows then that in (24) the summation may be confined to values a, to 
which correspond branch or double points. Since for each of the n — 1 values 
of u corresponding to z = a, we have o,(u) = 0, we may write 


make use of the expression ‘‘ infinite to the order }, 1, etc.,’’ to denote an infinity of the char- 
acter indicated by (2 —a)—3, (z—a)—!, ete. The two forms of expression then differ in their 
signification when employed relatively toa branch point, but it is hoped that this word of ex- 
planation will prevent any confusion from arising in the mind of the reader. 
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hF(a,, u) 


where A is a constant. 
In the case of a branch point (a,, 5,) the function 


o (Wt) hF(a,, 


(z—a,) (z—a,)\(u—4,) 
and therewith the element H7,, here in question also, would evidently be infinite 
to the order s—} so that we cannot have s>2. It follows therefore that 
s=1. 
In the case where a branch point corresponds to the value z = a, then we 
shall have for our element : 


1 hAF(a,, 


a,)(u— b,) 


where A may have any arbitrary constant value. In the case where to z = a, 
corresponds a double point let us suppose, if possible, that we have s=2. In 
this case the expression 

o(u) 


(z (z 


must evidently not be infinite to an order greater than s — 2 , for then it would 
be infinite to the order 1 at least, and this would hold also in regard to the ele- 
ment on the left of (25). The expression 


u 
i") F ,)(u — b,) 


must therefore vanish for each of the » — 1 points corresponding to the value 
z =a, and in particular for each of the branches through the double point 
b,) 


On indicating the directions of the tangents ‘at the double point by m, and 


m, respectively, we must then have : ° 
1 
(b,) + [F (2,5 
+ thm, [ F'(a,, 
and therefore 
h m— m,)[ F(a, u)], 


=hy 


Since, however, m, + m, and [F'"(a,, «)],_,. + 9, this is impossible unless we 
have A = 0 and consequently o(u) = 0. 
It follows therefore that we cannot have s=2. 


For s = 1 we shall have 


64 
. 
0, 
0, 
0. 
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a(u) , AF(a,,u) 


z—a, (z—a,)(u—b,)’ 
a function which is finite for all the n — 1 points corresponding to z = a, . 
In the case where a double point corresponds to the value z = a,, as in the 
vase of a branch point, the element in (25) takes the form given in (26), and for 
our function H(z, u) in (24) we may write 


h F(a,, 


(27) = — b) 


+ A(z, U), 


where the summation is supposed to extend to all those values a, to which cor- 
respond branch or double points, where the coefficients 4, may have any arbitrary 
constant values, and where //(z, uv) is an arbitrary polynomial inz,u. This 
then represents the most general function //(z, u) which does not become infinite 
to an order as great as 1 for any finite value of z. 

The most general function of z, uv which becomes infinite only at o we 
should evidently derive from (27) on equating to 0 therein all those coefficients 
h, corresponding to the branch points, or in other words, on supposing the sum- 
mation in (27) to be extended only to those values a, to which correspond double 
points. 

Returning now to formula (23) we may by (27) express the same in the form : 


h. Fi uw) 


a,)( u - b.) 


+ Hz, Was. 


(28) | Re. u)dz = P(z, u) + + J 


§ 6. 
We shall now occupy ourselves with the reduction of the integral 
JA: , ujdz. 
Supposing the degree of the polynomial //(z, uv) in z, wu to be n+r—1 
where 7 =>0, we shall indicate this by the suffix n + 7 — 1 and write 
u)= T,,,_,(2,%)- 
We may evidently express 7’, 


(29) 


_,(z, uv) in the form 


(z, u) = 2t(z,u)+ _(z,u), 


where the function ¢(z, wv) is a homogeneous polynomial in z, u of degree n — 1 
and where 77, _,(z, v) is a polynomial in z, uv in general non-homogeneous and 
of degree n +7 —2. 

It is evident that the function 7, ,(z, u) cannot be infinite to an order 
higher than x + r — 1 for any of the n branches at , and that it must be in- 
finite to this order for one at least of these branches we may readily show. 


Trans. Am. Math. Soc. 5 
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Namely, on substituting in (29) for u in terms of z from the equation to a 
given one of the branches at , the coefficient of z"*’—' will be furnished by the 
element 2’¢(z, uv) and will be the same as that obtained on substituting u = «z 


1 


from the corresponding equation in (7). The term in z"*’—" so obtained is 


27U(z, = x), 


and the coefficient ¢(1, «) of 2**’—' will be different from 0 in the case of one at 
least of the n branches, as otherwise we should have 


t(1,«)=0 


for each of the n values «,, «,,---,«, and this equation would therefore be an 
identity since its degree in « ism —1. It would follow then also that we must 


have 


t(z,u) = 0 


identically, which however is not consistent with our hypothesis that our func- 
tion 7. uv) has the degreen +2r—1. We conclude then that a poly- 
nomial 7’ _,(z, u) becomes infinite to the order n + r — 1, that is, to an order 
equal to its degree, for ore or more of the branches at o. 

Now consider the integral 


d 7*"'t(z,u 


The expression under the integral sign to the right of this identity evidently 
does not become infinite to the order n + r — 1 for any of the branches at o. 
It may be written in the form: 


z’t(z, uv) — = 


n+r n+r n+r\dz° du dz 
n— 1)7t(2,u Zt! (Ot at (u 
n+r n+r\dz° duS*z—a, 


where for du/dz we have substituted its expression given in (5). From the last 
written form we immediately derive : 


d wu) 
dz n+r 


— 


where 7"’(z, u) is a polynomial in (z, w) of degree in uw not greater than n — 1 
and where the functions @(u) are polynomials in u alone whose degrees are equal 
to or less than n — 1. 


| 
| 
@,(u) 
+ 
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Further, the expression to the left of the formula just written, as we have seen 
above, does not become infinite to the order n + r — 1 for any of the branches 
at co and as none of the elements in the summation 


a, 


on the right becomes infinite to an order which is greater than n — 2, it follows 
that the polynomial 7”(z, u) also does not become infinite to the order n + r—1 
and that its degree in z, u therefore is not greater thann+r—2. Indicating 
this fact by the suffix n + r — 2, we may write: 


d z*"'t(z, u) ” 
(31) z't(z, u) — dz + ina’ 


and substituting the form so obtained for the function under the integral sign 
to the right of (80) we derive: 


r+14(, 
(32) fru, u)dz = fir de? tz, 


Combining this result with (29) we obtain : 


and this we may more concisely write in the form 


where 


Repeated application of the above process of reduction gives rise to a succes- 
sion of integrals 


(2, ujdz, U)dz, +++, f ujdz, 


and enables us to reduce our integral to an peg of the form 


(88) [7 6. +O at wee, 


where (z, u) and 7’ _,(z, are polynomials in z, of degrees n + r and 


ny 
n — 2 respectively, and where the functions ¢ (wu) are polynomials in u of degree 


(u) ) 
u) 


68 J. C. FIELDS: ON THE REDUCTION OF [January 


From the manner in which the functions 


z—da 


e 
arise in the process above it is further self-evident that they do not become in- 
finite to an order as great as 1 for the values a, , so that their sum will consti- 
tute a function of the type represented in (27) and may be expressed in the form: 


o (u) a F'(a,, u) 


€ 


where the coefficients a, are constants and the summation is supposed to extend 
to those values a, to which correspond branch or double points. 
For formula (33) we may therefore write : 


F(a,, 
(34) | T. (2, ujdz = (2, +> +f Tle, ujdz; 


.and on substituting for fe, ujdz = | u)dz in (28) the expression 


here obtained, we arrive at a reduced form for our original integral [RE u)dz 


which may be written. 


BF (a,, w) 
(35) Re, u)dz = G(z, uv) + II +f fas, 


where III is an integral of the third kind, G(z, uv) a rational function of z, u, 
T._.{z, uw) a polynomial in z, u of degree n — 2 and the 8's constants, the 


summation with regard to e being extended to all the branch and double points 


of our curve. 
§ 7. 


Our reductions of the integral / "R(z, u)dz in the above have so far consisted 
in getting rid of various infinities of the function under the sign of integration 
and accounting for the same by a rational function G(z, wv), its logarithmic in- 
finities at the same time being separated from the main integral and incorporated 
in an integral of the third kind III. 

We shall now consider the remaining integral to the right of (35) with a view 
to a further reduction. The expression under the integral sign is of the type 
represented in (27), which for no finite value of z becomes infinite to an order 


which is as great as 1. The integral itself, 


(36) fix (z—a,)(u— b) + 


will therefore be finite for all finite values of z and for z =o will not become 
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infinite to an order which is greater than n — 1 since the function under the 
sign of integration is evidently not infinite to an order which is greater than 
n — 2 for any of the points at o. If now we would attempt a further elimi- 
nation of infinities from under the sign of integration by the aid of a ra- 
tional function of z, uw and that without introducing any new infinities, the 
most general function at our disposal is included under the type (27) and will 
evidently have the form 


y F(a, u - 
ty 


where 7’ _(z, u) is a polynomial in z, u of degree n —1, the summation with 
regard to e being supposed to extend to all the double points and the coefficients 
y, having any arbitrary values ; for this is the most general rational function 
whose infinities are all at o and which does not there become infinite to an 
order which is greater than n — 1. 

The number of coefficients which the polynomial 7’ _,(z, u) places at our dis- 
posal is }n(m + 1), or we may say }n(n + 1) — 1 on rejecting the constant term 
which could only serve to modify the arbitrary constant of integration in (36), 
and the number of the coefficients y, in the expression (37) is d, the number 
of the double points of our curve. In all, then, the number of undetermined 


coefficients which the expression (37) places at our disposal is 


d+jnn+1)—1. 


Now the integral in (36) will evidently in general become infinite to the order 
n — 1 for each of the n branches at ow, possessing therefore in all n(n — 1) in- 
finities all situated at o. If then each of these infinities requires an extra 
available constant in order to eliminate it from under the sign of integration, 
the number of available constants placed at our disposal by the expressions (37) 
will fall short of that requisite by at least 


n(n —1) —d—Jn(n+1)+1, 
that is, by at least 
In order to make good this deficit I shall introduce p more constants, introdue- 
ing however with each one of them at the same time a new infinity. Namely 
instead of (37) I shall consider the expression 
cr wv) 


A=1 (2 a,)(u b,) + Ti w) 


in which the summation is supposed to extend not only to the double points, 
but also to p additional points (a,, b,) which do not coincide with double 
points but may otherwise be regarded as arbitrarily chosen. For these p points, 
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in case the corresponding coefficients y are not zero, the function in (38) will 
evidently become infinite to the first order. For all other finite points it will 
be finite and for the m points at o it will in general become infinite to the order 
n—1. 

In the sequel we shall find that the n(n — 1) constants p.aced at our disposal 
by the expression (38) are all available and none of them superfluous for the 
purpose of ridding ourselves of all the infinities at o of the general integral 


of the type (36). 


Consider the expression 


F(a, 


z—a,)(u — 6.) 
nha, u) 
| (z — a,)(u— 4,) 


+ w) ’ 


obtained on subtracting the function in (38) from the integral in (36). Re- 
garding the function under the sign of integration as given and the coefficients 
in the subtracted function as undetermined, we shall attempt to determine the 
latter so that the expression in (39) may have no infinities at o. 

From the equation to our curve in (1) we have: 


e. aru’ — > 
F(a,, F(a,, vu) — F(a, 4) rere 


(@—a)(u—b) @—aj(u—b) &—a)(Uu—d) 
— by) 
(z — a,)(u—4,)’ 


whence 
(40) F(a,, u) 


(z — a,)(u—b,) 


= (z — a) oe, + wb, + + 


n 
= {a,, 
s=1 
where 


— > > 


p=0 


We may then write : 


§ 8. 

{ 
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where P,(z, uv) is a rational function of z, u which is equal to 0 for z 
This we may evidently further reduce to the form: 


Fla n—1 n—s 
(4.5%) => > ar '{a,, 2-7u"* + u), 


‘41 
( ) (2 — a,)(u b,) r=1 


where P,(z, u) is a rational function of z, wu which is equal to 0 forz = o. 


The second of the two summations in (39) may then be written in the form: 


dip Fi a. d+p n—1 n—s 
=>) > nar {a,, b,},2-7u"* + u) 


1 (z— a,)(u b,) h=1 r=1 


—_ 


= + FG, 


where P(z, wv) and P(z, wu) are rational functions of z, « which are finite for 
z = o, the former function in particular having the value 0 for this value of the 


variable, and where for the coefficients c we have 


d+p 
Ca—s—r,n—3 = > VX b, Se? 
A=1 


For the suffixes of the coefficients c we shall find it convenient to choose, as we i 
have done here, the sum of the exponents of z and u and the exponent of w re- 
spectively. 


On writing 


dip 


(43) Tn ™ ’ 
A= 


we shall evidently have 


¢ 


p=0 


Since the exponents of z which appear in the summation to the right of (42) 
are all negative whereas in the polynomial 7’ _,(z, w) in (39) no such exponents 
make their appearance, it will not be inconsistent with the notation employed 


above if we write: 


n 


4 
ij 
n—1 n—8 
s=1 r=l1 
n—2n—s—1 
| 
{ 
| 
i} 
| | 
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Combining (42) and (45) we have 


F(a,,u 
Vr ar U) 


(46) 


ye Ca—s— r,n—s ~ 


s—1 


> Cn—s+ +r, n— +P(z, 


s=1 r=—(n—8) 


This again we may write in the form: 


n—1 


—p(z,u) + P(z,u), 


where 


is a homogeneous polynomial in (z, of degree n — 1. 

The expression under the sign of integration in (39) we cau evidently also re- 
duce to a form like that on the right of (47). In this form further we may here 
omit terms of degree n —1 since in the expression under the sign of integra- 
tion terms of order higher than n — 2 do not present themselves, 

We may then write 

(48) 
(2, u) + Oz, u), 
where ¢,(z, u), --+,5 7,_,(%, are homogeneous polynomials in z, of degree 
n—1 and where Q(z, v) is a rational function of z, u which becomes 0 for 
©. 
From (47) and (48) the expression (39) may be written in the form: 


+ u) + _ (2, u) + Oz, dz 
(49) 
— {pfz,u) +2 _(z,u) + P(z,u)}. 


Supposing now that the expression under the sign of integration is given while 
the subtracted expression is as yet undetermined, we shall attempt to determine 
the coefficients c of the polynomials p,(z, p,(z, u),---, p,—.(2, in such 
way that the expression in (49) may be ne at oo. 


4 
72 
i 
: 
+ > t) 
} — 
= 
| 
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$9. 


We have seen in § 6 that a function z’¢(z, u), where ¢(z, 1) is a homogeneous 
polynomial in z, u of degree n —1, becomes infinite to the order » + r—1 
but to no higher order, for one or more of the branches at o. We had there 
assumed 7 — 0 but the same evidently holds also for negative values of 7. 

The only portion of the expression (49) which might possibly involve in- 
finities at © of order n — 1 is then evidently 


—1 
(50) fz q(z, ujdz — pz, 
We can however so choose p,(z, u) that the expression just written does not be- 
come infinite to an order higher than n —2. For, on taking 


we shall have: 


1 d 
(51) fra, u)dz — pz, u)= u)— eq ¥) dz 


and the expression under the integral sign to the right evidently does not be- 
come infinite to the order n — 2 for any of the branches at ©. On substituting 
for du/dz its expression given in (5) we obtain the function 


du | 
du. dz | 


as a rational function of z, u which does not become infinite at o to an order 
higher than n — 2 nor elsewhere to an order as high as 1. It is then a func- 
tion of the type represented in (48) and may therefore be similarly represented. 
The total expression under the sign of integration to the right of (51) may then 
also be represented in that form which appears to the right of (48) and we may 
consequently write : 


1 d 
n—1dz 
+2 U) + 4), 
where ¢/(z, g,_,(z, are homogeneous polynomials in z, u of degree 
n — 1 and where Q(z, uv) is a rational function of z,u which becomes 0 for 


z= oo. Further, since the expression here represented does not become infinite 


to the order n — 2 for any of the branches at ©, we must have identically 


q,(z,u)=9. 


73 
if 
|_| 
4, 
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i 
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From (51) we shall then have: 
(52) fra, u)dz — pz, u) = u) 

(2, u) + Q(z, w)}de, 
and with the aid of this formula we may write our expression in (49) in the form : 
(53) U) _(z,u) + Q(z, u)}dz 

— {z-'p(z, u) + 2 u) + _ fz, u) + Plz, u)}, 


where 


U) = + 9,(2 


q._\(2, u) = 4) + 
u) = Oz, uv) + Oz, uv). 


The expression (53) evidently will not become infinite to an order greater than 
n — 2 for any of the branches at o and we may further so choose p,(z, v) that 
it will not become infinite even to this order. 

For the only portion of the expression (53) which might possibly involve infin- 


ities at co of order n — 2 is evidently 


fertile, — 
and on choosing 
pies = 


we shall have: 
fate. u)dz — z'p,(z, u) = 


where, on substituting for vu in terms of z from the equation to a branch at o, 
the expression under the sign of integration on the right will evidently not be 
infinite to an order higher than n — 4 and the integral itself therefore to an 
order not higher than n — 3. 
This expression we may write in the form: 
As in the case of dq,(z, u) dz so here dq(z, u)'dz—and in fact the derivative 
ot any homogeneous polynomial in z, u of degree n — 1—is of the type of 
function represented in (48), and the expression just written may therefore evi- 


dently be written in the form: 


" 
4 
iad 
f 
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= (2, w) +4 239""(z, u) eee 
+ 2g" (z,u) + Q(z, u), 


where ¢7(z, u), ---, 7._,(z, u) are homogeneous polynomials in z, u of degree 
n — 1 and where Q(z, wu) is a rational function of z, uv which becomes 0 for 

Further, since the expression here represented does not become infinite 
to the order n — 3 for any of the branches at o, we must have identically 


(%, u) =9. 
From (54) we shall then have : 
(55) f? (z, — u) = u) + + 
+ (2, + Qe de. 


and with the aid of this formula we may write the expression in (53) and there- 
fore that in (49) in the form 


w) Ce, + QE, Wh de — 


where 


4) 


Q(z, u) + Oz, 


The expression (56) will evidently not become infinite to an order greater than 
n —38 for any of the branches at o and we might so choose p,(z, v) that it 
would not become infinite even to this order. Suppose now that by proper 
choice of the polynomials p,(z, v), ---, p,_,(z, w) we have reduced (56) and 
therewith (49) to the form 


UW) u) + u)} dz 


where wv) are homogeneous olynomials in z, u of 

degree n —1 and where Q°”(z, wu) is a rational function of z, uv which be- 
comes 0 for z= a. This expression will evidently not become infinite to an 
order greater than n—r—1 for any of the branches at @ and we may so 


choose p,(z, u) that it will not become infinite to an order greater than n — r — 2. 


if 
75 
‘ if 
” My 
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For the only portion of the expression (57) which might possibly involve in- 


finities at o of order n — r — 1 is evidently 


and on choosing 


we shall have : 


dz n—r—1 


F (z, 


where, on substituting for uv in terms of z from the equation to a branch at o, 
the expression under the sign of integration on the right will evidently not be 
infinite to an order higher than n — r — 3 and the integral itself therefore to 
an order not higher than n — r — 2. 


This expression we may write in the form: 


u) 


— n—r—l dz 


The derivative d¢2'\(z, uw) (dz) is of the type of function represented in (48) 
and the expression with which we here have to do may evidently therefore be 
represented in the form : 

n—1 dqg?"\(z, u) 


dz 


where u),---, (z, u) are homogeneous polynomials in z, of degree 
n — 1 and where Q*’*'(z, wu) is a rational function of z, uv which becomes 0 
forz=c. Further since, as we have just seen, the expression here represented 
does not become infinite to an order higher than n —r—3 for any of the 


branches at co, we must have identically 
=0. 


From (58) we shall then have : 


22 (2, — =f w) 
(59) u) + u)} dz, 


. 

} 
f 
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in (57) and there- 


and with the aid of this formula we may write the expression 
with that in (49) in the form 


(60) 


— (2 (2, _fz, u) + Plz, w)} 
where 


By induction then we see that a proper choice of the homogeneous polynomials 
ples ples uv) will enable us to reduce (49) to the form 


(61) u)dz P(z, u), 


where Q°"~*(z, uw) is a rational function of (z, w) which becomes equal to 0 for 


z= ©. Since also P(z, «) is finite for z= o it follows that the expression 


(61) cannot become algebraically infinite at o. That it cannot become loga- 


rithmically infinite is also evident, for the integral in the equivalent expression 


(49), being only another form for the integral in (39), does not become infinite 


logarithmically. 
We see then that the n(n — 1) coefficients in the n — 1 polynomials p,(z, v), 
p\(@s “)s--+s p,_o(%, ) may be so chosen that the expression in (49) does not be- 


come infinite for z = o, and further we may show that there is only one way 


of so choosing them. For if we had two systems of functions p,(z, u), 
ujand p/(z, u), pi(z, p,_(z, u), P'(z, u) 
corresponding to two determinations of these coefficients, the expression 


+ 27g u)+ Oz, u)} dz 
— {piz,u) + 2° p'_(z,u)+ P(z,0)}, 


and that in (49) would both be finite forz = o. The difference between these 
two expressions would then be finite for z = o and, since the functions P(z. u) 
and P’(z, uv) are fini‘2 for this value of z, this also would be the case for the 


difference, 


— u) +z _fz,u)}, 


= 


From this however evidently follows that we must have identically : 


if 

| 

| 

| 
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We see then that there is one and only one determination of the coefficients in 
the n —1 polynomials p,(z, uv), p,(z, v),---.p,_.(%, uv), such that the expres- 
sion in (49) does not become infinite for z = a. 


$10. 


The n(x — 1) coefficients of the polynomials p,(z, uv), ---, p,_,(z, v) in (47) 
are those which have been indicated by 


c 


n—1,n—19 Cn—1,n—2 9 
Ca—2,n—1 
c 


n—3,n—19 


To these coefficients we shall suppose to be assigned that system of vaiues for 
which the expression (49) does not become infinite at o. 

With those coefficients in which the first suffix is equal to or greater than the 
second, we shall construct a polynomial 


n 


e=] r=@ 


in which the constant term c,, may have any arbitrary value. 
Corresponding to the } (n — 1)(n — 2) coefficients 


n—2,n—1 ° 


n—1? 


(63) 


c 


in which the first suffix is smaller than the second, we shall have as many equa- 
tions of the type given in (44). They will be obtained on giving to r and s re- 


- 


spectively in (44) the values : 
(64) ra1,2,---,n—s—1; s=1,2,---,n—2. 


This system of }(n — 1)(n — 2) equations we shall attempt to satisfy by a proper 
choice of the quantities y,, on the right. The number of these quantities 
which present themselves in the }(n — 1)(n — 2) equations is just equal to the 
number of the equations as we may readily show. For the greatest value for 
the sum of the suffixes i and « in a term on the right of (44) is equal to r + s 
—2, and r+s—2, as we see from (64), cannot exceed n — 3 in value. It 
follows therefore that the sum of the suffixes in the quantities y,, which ap- 


iy 
4 
» “n-1,09 
» Cn—2,09 
J 9 Ca—3,09 
4 
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pear in our equations, is in no case greater thann —3. Now the number of 
possible pairs of integers i, « whose sum is equal to or less that n —3 is 
1(m —1)(n — 2), and that all the }(m — 1)(n — 2) corresponding quantities ¥,, 
actually present themselves in our system of equations is immediately apparent. 
In fact each one of them appears in some one of the equations (44) with e, as 
coefficient as we see on taking p= 0, o = 0 and substituting for 7, s in the 
corresponding term e, ‘y,_,,,_, the several pairs of values furnished by (64). 

The number of the undetermined quantities y,, which present themselves in the 
system of equations (44) is then just equal to }(n —1)(n — 2), the number of 
these equations. 

From the equations (44) we shall now seek to determine the quantities y;, in 
terms of the quantities c,_,_,,_,. For this purpose we shall write our equations 


in the form: 


(65) Cn—s—r, ™ eo, n¥r—1, s—1 + n—17Yr, s—2 + Co n—2Vr+1 , 8-3 
+ 


n—8s-+ s-—3,1 + 0 + s—1?9 


where I’,_, ,_, depends only on quantities y,,, the sum of whose suffixes is less 

The number of equations of the type (65) , in which the sum of the suffixes 
of the quantities y in evidence on the right has a given value r+s+2=c0, 
is ¢ + 1 and these o + 1 equations may evidently be written in the form: 


,o—2 Co -1, +1¥ 0-1, 1 + Co,n—o Vo, 0 


=C 


n—o—2,n—o 


’ 


nVo-1,1 


= Cn—e—2, n—2 | 


Coin Ve,0 


n—1 


If now we suppose that the quantities y,, in which the sum of the suffixes is less 
than o—and by consequence also the quantities I’ to the right of (66)—have 
been obtained in terms of the quantities c, the system of equations (66) will 


4 
f 
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determine in terms of these latter quantities the quantities y,, also, in which the 
sum of the suffixes is equal too. For the determinant of the coefficients on the 
left of (66) is different from 0 and has in fact the value e7+' = 1, since in our 
original equation F’(z, uv) = 0 we assumed e, =1. 

More precisely still, on assuming that the quantities y,,, in which the sum of 
the suffixes is less than a, are linearly expressible in terms of the quantities c, 
it follows from the system of equations (66) that the quantities y,, in which the 
sum of the suffixes is equal to o are also so expressible, and these equations 
furnish us with their expressions in terms of the c’s . 

Consider now the case = 0. In this case the system of equations (66) re- 
duces to the single equation 


so that the quantity y,, , in accord with our hypothesis above, is linearly ex- 
pressible in terms of the quantities c and in fact is equal to one of them, namely 
c It follows therefrom by our inductive reasoning above, that the quan- 


n—2,n—1 ° 


tities y,, and y,, corresponding to the case ¢ = 1 are also linearly expressible 


in terms of the quantities c, and by successive induction we see that the quan- 
tities y,, for which o(= i+ «) has one of the values 2,3, ---, »—3, are 
all linearly expressible in terms of the quantities c, the expressions for the same 
being furnished by the system of equations (44) supposed for that purpose to be 
grouped in a series of sets of the type given in (66). 

The values of the }(n — 1)(m — 2) quantities y,, , so obtained, we may suppose 
to be substituted on the left in the corresponding equations of the type (43) , 
when expressions for the d + p = }(n — 1)(n — 2) quantities y, in terms of 
our quantities y,, will be furnished by these equations in case we have 


(67) 0 (i+«=0, 1, 2, ---, n—3), 


where by |a}b*| we indicate the determinant of the coefficients of the quantities 
y, to the right of our equations (43). That the determination so made of the 
quantities y, is unique is self-evident. P 

In the case where we have |a}bx; = 0 it will be impossible to satisfy the sys- 
tem of equations (43) by any set of values , unless it happens that a certain re- 
lation exists between the quantities y,,. Such a relation however does not in 
general exist, as we shall show later on. 

Assuming then that our system of points (a,, b,) has been so chosen that the 
determinant above has a value other than 0, or, what evidently amounts to the 
same thing, in such way that the points do not all lie on a curve of degree 


n + 3, we shall suppose that the function 


d+p F Ay, Uv) 


(3 — ay) 


a 

1 

i} 

| 

| 
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in (39) has been constructed with the values of the d + p quantities +, furnished 
by the equations (43) and with the polynomial 7, _,(z, ~) obtained in (62). 
Apart from the arbitrary constant in 7'_(z, u) the expression (39) so deter- 
mined is unique. 

We have shown that if the expression (39) is to be finite for all the branches 
at co. it must be determined as just stated. Conversely in case it has the de- 
termination here in question it will be finite for z = 

For the coefficients y, in (89) have been derived through the equations (43) 
and (44) from certain of the coefficients c in the polynomials p,(z, u) , p,(z, v), 

-+5 P,_(%, U), these polynomials having been at the same time assumed by us 
to be those for which the expression (49) is finite at ©; and conversely, from 
the values thus obtained for the coefficients y, through the equations (43) and 
(44) in the reverse order, we should evidently arrive at the original coefficients 
cin question. Also the remaining coefficients c in the polynomials p,(z, «), 
++ +s are identical with those in 7’_(z, w)—the constant term 
¢,, in the last named function being of course left out of consideration—so that 
the polynomials p,(z, uv), ---, p,_.(z, v) in (49), regarded as a reduced form 
of the expression (39), are those for which the expression (49) was originally 
assumed to be finite at o. It follows therefore that the uniquely determined 
expression (39) is finite for z =o. 

To recapitulate—we have proved in the above that in the expression (39) the 
coefficients y, and the coefficients in the polynomial 7’_(z, w) can be chosen, 
and that uniquely, in such way that this expression does not become infinite for 
2 == co in case we have so selected our d + p points (a,, 6,) that they do not 
lie on a curve of degree n.— 3, and we have furnished a method for determin- 
ing the coefficients in question. 

We have assumed from the outset that the d double points are included un- 
der the d + p points (a,, 6,) in the expression (39). It might however be re- 
marked in this connection that all our reasoning above in regard to this ex- 
pression holds good for any d + p arbitrary points. That we can choose d + p 
points (a,, 5,) which do not lie on a curve of degree n — 3 is self-evident, for 
d + p = 3(n — 1) (m — 2) is the number of coefficients in the general equation 
to a curve of degreen — 38. 

That however, among d+ p points so chosen we may include the d double 
points is not self-evident. It may however be proved that the passage through 
the double points imposes d conditions on our curve, or in other words that the 
conditions of adjointness are independent of one another. 

I shall not stop here to prove the theorem in question but merely remark that 
the methods of the present paper furnish an extremely simple algebraic proof of 
it, which I propose to give in another paper at an early date. Meantime I shall 


accept the principle of the independence of the conditions of adjointness as 
Trans. Am. Math. Soc. 6 
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demonstrated, and we may therefore assume that the d double points are in- 
cluded among the d + p points (a,, 6,); and in (389), whatever the values of the 
constants in the expression under the sign of integration, we may regard the 
coefficients y, and the coefficients in the polynomial 7’ _(z, w) in the subtracted 
function as so determined that the difference does not become infinite for z = 


$11. 


Instead of (39) I shall now consider the expression 


u) 


where by II(a,, 5,) we indicate an elementary integral of the second kind pos- 
sessing a single infinity of the first order at the point (a,, 5,), and where the 
coefficients m, may be supposed to be so determined that the expressions 


F(a,, 
y,F'(a,, + m,lI(a, , b,) 


(z —a,)(u — b,) 


do not become infinite at the points (a, , 5,). 
The residues of the integrals II(a,, 5,) we may assume to have the value 1, 
and the coefficients m, will then evidently be determined by the equations 


WF (G5 +m = 9. 


In the case of the double points the coefficients m, will of course have the 
value 0. 

The expression (68) does not possess infinities other than those of (39) and 
it does not possess even these, for the infinities of the latter expression are all to 
be found among the points (a,, 5,), for all of which (68) is finite. The expres- 
sion (68) is then everywhere finite and must therefore be an integral of the first 
kind. On indicating this integral by I and on’supposing (a, (4,55 b +2) 

-+,(@,,,, 6.) to denote the d double points we may write (68) in the form: 


(69) (z —a,)(u— b,) + dz | £4 (z — a,)(u — ,) 


A=1 


Returning now to formula (35) and substituting therein for the integral 


B Fle Let ) 


| 
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the expression derived from (69), we obtain : 


»,F(a,, u) 
Ya A + u) I 


[ Re, = Ges) + 


+ + WI. 
A=l 


Indicating the aggregate rational portion of this expression by G(z, uv) we have: 


(70) f Re, wde = Gz, +14 + 


A 
A=1 


Our original Abelian integral [Re, u)dz is herewith reduced to the sum of 
a rational function, an integral of the first kind, a linear function of » elemen- 
tary integrals of the second kind and an integral of the third kind, the several 
steps in the process thereto employed being all of algebraic character. From a 
glance at the process also, it is plain that the coefficients m, and the function 
G(z, uv), apart from the arbitrary constant of integration, are completely de- 

termined when the system of points (a,, 5,), ---, (a, b) is given. 


§ 12. 


We have effected the reduction of the general Abelian integral indicated in 
(70), on the hypothesis that the p points (a,, 6,),---, (a,, 5.) do not lie on an 
adjoint curve of degree n —3. In the case where they do lie on an adjoint 
curve of degree n — 3 it may readily be shown that such a reduction is not in 
general possible. 


For suppose that we have a system of p points 


(a,, (@, 


lying on an adjoint curve of degree n — 3 and that the p points 


do not all lie on such a curve. 

Referring now to the expression in (39), which we sought to render finite at 
co by proper choice of the coefficients y, and of the polynomial 7’ _,(z, u) and 
regarding in particular the formule in (43), (44), (49), we remark that the 
constants ¢ are independent of our choice of the p points (a,, 6,), ---, (a,, 6.) : 
From the form in (49), namely, we see that they depend for their values on the 
integral 


u) + 2 u) u) + Qe, 


83 
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alone, or what is the same thing, on the integral 


in (39), independently of what our choice of the system of p points (a,, 5,), 

-, (a,, 5.) may happen to be. 

From the equations (44) again the quantities y,, depend upon the quantities 
c alone and are therefore also independent of the choice of our system of points 
(a,, 5), (a, 5). 

In our system of equations (43), then, the quantities y,, on the left have the 
same values whatever the p points (a,,6,), ---, (a, , b,) may be and depend 
solely on the integral in (39). 

To prove that we cannot employ the system of p points (a, , 5,), «++, (a,, 6,) for 
the reduction of the general Abelian integral it will suffice to show in some par- 
ticular case that the quantities y,, corresponding to an integral of the type of 
that in (39) are such that the system of equations 


(71) 


A 


cannot be satisfied. The d double points for convenience I shall designate in- 


differently by @, b 41) or (4,41 ’ b,41) (4,44 +a) 
Consider now in particular the function 


F(a, %) 


where we suppose the coefficients m, to be so determined that the function does 
not become infinite for any of the points (a,, 6,). The derivative of this 
function with regard to z will not become infinite to an order as high as 1 for 
any finite point, and for the points at it will evidently not become infinite to 
an order higher than x — 3 or, what is sufficient for our purpose, it will not be- 
come infinite at o to an order higher than n— 2. This derivative therefore 
will plainly be of that type of function which appears under the sign of in- 
tegration in (39). 

On properly determining the coefficients 8 and the polynomial 7’ _.(z, «), 
then, we may write : 


+ m,II(a,, b, | 


j 
te 
fag 
i 
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The difference 


B_F(a,, u u) F(a,, u) 


is then evidently an expression of the type (39) which does not become infinite 
forz=o. 
Here the quantities y,, corresponding to the integral in (72) are given by the 


system of equations : 
d+p 


A=1 


and on starting out from a properly chosen set of values for the quantities y, we 
could arrive at any arbitrarily assigned system of values for the quantities y,,>+ 
since for the determinant of the coefficients of the quantities y, to the right of 
these equations we have |ajb;| + 0. To this assigned system of values for the 
quantities y,, will correspond a certain set of values y, and therewith a certain 
integral of the type in (72). 

Now for the reduction of this integral the system of p points (a,, 5,), 

(a, , 5) will not serve if values have been assigned to the quantities y,, for which 
the equations (71) cannot be solved. Such values, however, it is always possible 
to assign to these quantities since for the determinant of the coefficients of the 
quantities y to the right of these equations we have |aj, dx) = 0. It follows 
then that a system of p points (a,, },), ---,(a,, ,) which lie on an adjoint 
curve of degree nm — 3 cannot serve for the reduction of the general Abelian 
integral. 

It will be remembered that in obtaining the reduced form on the right of (70), 
we assumed that no one of the p points (a,, 5,), ---, (@,, 5) was a double point. 
The only limitation otherwise placed upon our choice of these points was that 
they should not all be zeros of one and the same adjoint curve of degree (n — 3). 

It may however be remarked that in obtaining the reduced form in ques- 
tion, we might also have included under the p elementary integrals of the 
second kind integrals corresponding to the double points, or more accurately 
speaking, to certain of the branches through the double points. 

To have done this it would have been necessary to introduce some modifica 
tions into our reasoning which would have added to the length of the same. 
The modifications in question however offer no special difficulty and we may in 
all cases make the general statement that any Abelian integal can be reduced to 
the sum of a rational function of (z, uv), of an integral of the first kind, of an 
expression linear in p elementary integrals of the second kind, and of an inte- 
gral of the third kind, where in our choice of the p elementary integrals of the 
second kind we are subject to this one limitation only, that an adjoint curve of 


4 
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degree n — 3 shall not exist which—over and above the zeros already implied in 
the fact of adjointness—possesses zeros corresponding to the several points 
(a, , ,) (and more precisely in the case of double points, corresponding to the 
individual branches), for which our p elementary integrals have been respec- 
tively constructed. 

To cover all cases we should have to modify the notation employed in the 
formula (70) to designate an elementary integral of the second kind, as the no- 
tation II (a, , b,) in the case of a double point does not distinguish between the 
elementary integrals corresponding to the separate branches, either or both of 
which may happen to be included in our system of p elementary integrals of the 
second kind. 


CuIcaGo, November 27, 1900. 
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UEBER FLACHEN VON CONSTANTER GAUSSSCHER KRUMMUNG * 


VON 


DAVID HILBERT 


Ueber Fliichen von negativer constanter Kriimmung. 

Nach BELTRAMI} verwirklicht eine Fliche von negativer constanter Kriimmung 
ein Stiick einer LopatscHErFsklJschen (nicht-EUKLIDischen) Ebene, wenn man 
als Gerade der LopatscHErFsKiJschen Ebene die geoditischen Linien der 
Fliche von constanter Kriimmung betrachtet und als Liingen und Winkel in der 
LOBATSCHEFSKIJschen Ebene die wirklichen Liingen und Winkel auf der 
Fliche nimmt. Unter den bisher untersuchten Flichen negativer constanter 
Kriimmung finden wir ‘eine, die sich stetig und mit stetiger Aenderung ihrer 
Tangentialebene in der Umgebung jeder Stelle iiberall hin ausdehnt; vielmehr 
besitzen die bekannten Flichen negativer constanter Kriimmung singulire 
Linien, iiber die hinaus eine stetige Fortsetzung mit stetiger Aenderung der 
Tangentialebene nicht moglich ist. Aus diesem Grunde gelingt es mittelst kei- 
ner der bisher bekannten Fliichen negativer constanter Kriimmung, die ganze 
LoBaTSCHEFSKIJsche Ebene zu verwirklichen, und es erscheint uns die Frage 
von principiellem Interesse, 0b die GANzE LOBATSCHEFSKIJsche Ebene iiber- 
haupt nicht durch eine analytische F liche negativer constanter Kriimmung auf 
die BettRAMIsche Weise zur Darstellung gebracht werden kann. 

Um diese Frage zu beantworten, gehen wir von der Annahme einer analytischen 
Fliche der negativen constanten Kriimmung —1 aus, die im Endlichen iiberall 
sich reguliir verhilt und keine singuliiren Stellen aufweist; wir werden dann 
zeigen, dass diese Annahme auf einen Widerspruch fiihrt. Eine solche Fliche, 
wie wir sie annehmen wollen, ist durch folgende Aussagen vollstandig charak- 
terisirt : 

Jede im Endlichen gelegene Verdichtungstelle von Punkten der Fliche 
ist ebenfalls ein Punkt der Fliiche. 

Bedeutet O irgend einen Punkt der Fliiche, so ist es stets moglich, das recht- 
winklige Coordinatenkreuz x, y, z so zu legen, dass O der Anfangspunkt des 
Coordinatensystems wird und die Gleichung der Fliiche in der Umgebung dieses 
Punktes 0 wie folgt lautet : 


* Presented to the Society, October 27, 1900. Received for publication October 9, 1900. 
tGiornaledi Matematiche, Bd. 6, 1868. 
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z= + by + Pa, y), 
wo die Constanten a, } die Relation 
4ab = 1 


befriedigen und die Potenzreihe [{(x, y) nur Glieder dritter oder hoherer Dimen- 
sion in x, y enthilt. Offenbar ist dann die z-Axe die Normale der Fliche und 
die x- und y-Axe geben die Richtungen an, die durch die Hauptkriimmungen 
der Fliche bestimmt sind. 


Die Gleichung 
ax’? + by? = 0 


bestimmt die beiden Haupttangenten der Flaiche durch den Punkt O in der 
ay-Ebene ; dieselben sind daher stets von einander getrennt und geben die Rich- 
tungen an, in denen die beiden Asymptotencurven der Flache durch den belie- 
bigen Punkt O verlaufen. Jede dieser Asymptotencurven gehort einer ein- 
fachen Schaar von Asymptotencurven an, die die ganze Umgebung des Punktes 
O auf der Fliche reguliir und liickenlos iiberdecken. Verstehen wir daher un- 
ter u, v geniigend kleine Werthe, so konnen wir gewiss folgende Construktion 
ausfiihren. Wir tragen auf einer der beiden durch O gehenden Asymptoten- 
curven den Parameterwerth u von O als Liinge ab, ziehen durch den erhaltenen 
Endpunkt die andere mogliche Asymptotencurve und tragen auf dieser den 
Parameterwerth v ab: der nun erhaltene Endpunkt ist ein Punkt der Fliche, 
der durch die Parameterwerthe w, v eindeutig bestimmt ist. Fassen wir demge- 
miiss die rechtwinkligen Coordinaten x, y, z der Fliche als Functionen von u, v 
auf, indem wir setzen : 


e=a(u,v), y=y(u,v), z= 2(u,r), (1) 


so sind diese jedenfalls fiir geniigend kleine Werthe von w, v regulire analy- 
tische Functionen von w, v. 

Die bekannte Theorie der Flichen von der constanten Kriimmung — 1 liefert 
uns ferner die folgenden Thatsachen : . 

Bedeutet ¢ den Winkel zwischen den beiden Asymptotencurven durch den 
Punkt u, v, so erhalten die drei Fundamentalgréssen der Fliche die Werthe : 


f Ox Oz Oz 
du dv dx dv du dv 


| 
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und mithin wird das Quadrat der Ableitung der Bogenliinge einer beliebigen 


Fic. 1. 


Curve auf der Fliche nach einem Parameter ¢ von der Form: 


9 ds\? (du ? 2 du dv dv\? 
(2) a) aa t 
Der Winkel ¢ geniigt als Function von w, v der partiellen Differentialgleichung 


ing. 
Die Formel (2) beweist den bekannten Satz :* 
In jedem Vierecke, das von vier Asymptotencurven unserer Fliche ge- 
bildet wird, sind die gegeniiberliegenden Bogen einander gleich. 

Die Formel (3) gestattet die Berechnung des Flicheninhaltes eines von 
Asymptotencurven gebildeten Viereckes mittelst seiner Winkel; DarBovx + ist 
auf diesem Wege zu dem folgenden Satze gelangt : 

Der Flicheninhalt eines aus Asymptotencurven gebildeten Viereckes auf 
unserer Fliiche ist gleich der Summe der Winkel des Viereckes vermindert 
um 2 7. 

Die Formeln (1) liefern eine Parameterdarstellung unserer Fliache, bei welcher 

die Coordinatenlinien 
wu =const., v= const. 


die Asymptotencurven sind. Nach den obigen Ausfiihrungen erweisen sich die 
rechtwinkligen Coordinaten x, y, z gewiss fiir geniigend kleine Werthe von wu, v 
als umkehrbar eindeutige Functionen der Variabeln u, v d. h. die Formeln (1) 
vermitteln jedenfalls die umkehrbar eindeutige Abbildung eines Stiickes der 
uv-Ebene in der Umgebung des Punktes vu = 0, v = 0 auf ein Stiick unserer 
Fliche in der Umgebung des Punktes O. Unsere Aufgabe besteht darin, die 


*Dini, Annalidi Mathematica, Bd. 4, 1870, S. 175. 
DARBOUX, Lecons sur lathéorie générale des surfaces, Bd. 3, No. 773. 
BIANCHI, Lezioni di geometria differenziale, § 67. 

+ loc. cit., Bd. 3, No. 773. 
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gesammte Abbildung der wv-Ebene auf unsere Fliche zu untersuchen, welche 
durch die analytische Fortsetzung der Formeln (1) erhalten wird. 

Fassen wir irgend eine Asymptotencurve unserer Fliiche ins Auge, so erken- 
nen wir sofort, dass dieselbe im Endlichen keinen singuliiren Punkt haben und 
daher auch nirgends aufhéren darf; denn bei Annahme einer solchen singuliren 
Stelle kinnten wir in dieselbe den Punkt O verlegen und dies giibe einen Wider- 
spruch mit unseren friiheren Ausfiihrungen, wonach durch O stets zwei regulire 
Asymptotencurven hindurchlaufen und eine geniigend kleine Umgebung des 
Punktes O auf unserer Fliiche durch reguliir verlaufende Asymptotencurven 
liickenlos erfiillt wird. 

Aus diesem Umstande entnehmen wir die analytische Thatsache, dass die 
Functionen 2, y, z fiir alle reellen uw, v eindeutig und unbegrenzt fortsetzbar sind. 
Um dies sicher zu erkennen, tragen wir vom Punkte O aus auf der Asymptoten- 
curve v = 0 die Liinge wu nach der einen oder anderen Richtung hin, je nachdem u 
positiv oder negativ ist, ab, ziehen durch den erhaltenen Endpunkt die andere 
Asymptotencurve, tragen dann auf dieser die Liinge v nach der einen oder ande- 
ren Richtung hin, je nachdem v positiv oder negativ ausfallt, ab und ertheilen 
endlich dem so erhaltenen Endpunkte, der die rechtwinkligen Coordinaten , y, z 
haben moge, die Parameterwerthe u, v. Auf diese Weise ist jedem Punkte der 
uv-Ebene jedenfalls ein bestimmter Punkt unserer Fliche zugeordnet und die 
Funktionen 2, y, z die diese Zuordnung vermitteln sind eindeutige fiir alle reellen 
Variabeln w, v definirte und reguliire analytische Functionen. 

Auch zeigt sich sofort, dass umgekehrt jedem Punkte unserer Fliche min- 
destens ein Werthepaar uw, v entspricht. Um dies einzusehen, bezeichnen wir 
diejenigen Punkte, deren Coordinaten durch Functionswerthe 


a(u,v), y(u,v), z(u,v) 
dargestellt werden, mit P, dagegen die Punkte der Flache, die durch unsere Ab- 
bildung (1) nicht betroffen werden, mit Q. Wiirden nun im Endlichen ein oder 
mehrere Punkte ( vorhanden sein, so miisste es gewiss mindestens einen Punkt 
A auf der Fliiche geben, in dessen beliebiger Nahe sowohl Punkte P als auch 
Punkte Q gelegen sind. 

Nach den friiheren Ausfiihrungen existiren nun fiir die Umgebung des Punk- 
tes A zwei Schaaren von Asymptotencurven, deren jede diese Umgebung einfach 
und liickenlos tiberdeckt. Unter diesen Asymptotencurven muss nothwendig 
mindestens eine solche vorhanden sein, die sowohl einen Punkt P als auch einen 
Punkt Q enthilt. In der That, fassen wir eine der beiden durch A hin durch- 
gehenden Asymptotencurven ins Auge und nehmen wir an dieselbe bestiinde aus 
lauter Punkten P (bez. Q), so wiirden die Asymptotencurven derjenigen Schaar, 
zu welcher jene erstere Asymptotencurve nicht gehort, mindestens je einen Punkt 
P (bez. Q) niimlich den Schnittpunkt mit der ersteren Asymptotencurve enthal- 
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ten. Die siimmtlichen Curven dieser Schaar kénnen aber gewiss nicht aus lauter 
Punkten P (bez. Q) bestehen, da sonst die ganze Umgebung von A nur Punkte 
P (bez. Q) enthielte. 

Es sei nun 7 die Linge eines Stiickes einer Asymptotencurve, deren Anfangs- 
punkt ein Punkt P und deren Endpunkt ein Punkt Q sein moge. Fassen wir 
die beiden durch den Anfangspunkt P laufenden Asymptotencurven der Fliche 
ins Auge, so ist jenes Stiick von der Liinge 7 nothwendig die Fortsetzung einer 
dieser beiden Asymptotencurven, und wenn daher u, v die Coordinaten des An- 
fangspunktes P sind, so wird der Endpunkt jenes Curvenstiickes entweder 
durch die Parameterwerthe wu + /, v oder u, v + / dargestellt —entgegen unserer 
Annahme derzufolge der Endpunkt Q nicht durch die Formeln (1) darstellbar 
sein sollte. 

Damit ist bewiesen worden, dass durch die Formeln (1) die ganze Flache zur 
Darstellung gebracht wird, wenn wu, v alle reellen Zahlenwerthe durchliuft. 

Endlich ist es fiir unsere Untersuchung nothwendig einzusehen, dass die 


Formeln (1) jeden Punkt der Fliche nur durch ein Werthepaar w, v darstellen, 


d. h. dass die gefundene Abbildung (1) unserer Fliche auf die wv-Ebene nicht 
blos fiir geniigend kleine Gebiete sondern im Ganzen genommen eine wmkehr- 
bar-eindeutige sein muss. 

Wir beweisen zu dem Zwecke der Reihe nach folgende Siitze: 

1. Es giebt auf unserer Fliche keine geschlossene, d. h. in sich zuriickkeh- 
rende Asymptotencurve. 

Zum Beweise nehmen wir im Gegentheil an, es sei eine soleche Asymptoten- 
curve auf unserer Fliche vorhanden. Wir construire durch jeden Punkt 


Q 
Fic. 2. 


derselben die andere Asymptotencurve und tragen auf diesen Curven stets ein 
Stiick s nach derselben Seite hin. Die erhaltenen Endpunkte werden dann 
entweder eine in sich zuriicklaufende Asymptotencurve bilden, oder die Endpunkte 
des Stiickes s beschreiben erst nach zweimaligem Durchlaufen der Grundcurve 
eine in sich zuriickkehrende Asymptotencurve—ein Fall, der eintreten konnte, 
wenn unsere Fliiche eine sogenannte Doppelfliicke wire. Fassen wir nun eine 
derjenigen Asymptotencurven von der Liinge s ins Auge, die uns vorhin zur 


Construction der neuen geschlossenen Asymptotencurve diente, so bildet dieselbe 


Ss 
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doppelt gerechnet zusammen mit den beiden geschlossenen Asymptotencurven 
ein Asymptotenviereck, dessen Winkelsumme offenbar genau gleich 27 ist. 
Diese Thatsache aber steht im Widerspruch zu dem vorhin angefiihrten Satze, 
wonach der Inhalt eines Asymptotencurvenvierecks stets gleich dem Ueberschuss 
der Summe seiner Winkel iiber 27 ist und dieser Ueberschuss daher nothwen- 
dig positiv sein muss. 

2. Irgend zwei durch einen Punkt gehende Asymptotencurven schneiden 
sich in keinem anderen Punkt unserer Fiche. 

Wir denken uns eine Asymptotencurve a nach beiden Richtungen hin ins 
Unendliche verlingert und dann durch einen Punkt P, derselben nach einer 
Seite die andere Asymptotencurve } gezogen. Nehmen wir dann im Gegensatz 
zu unserer Behauptung an, dass diese Asymptotencurve 6 die urspriingliche a 
zum ersten Mal im Punkt P, schnitte, so sind die folgenden zwei Fille denkbar : 

Erstens: die Asymptotencurve b konnte so verlaufen, dass sie in P, von 
derselben Seite der Asymptotencurve a her eintritt, als sie dieselbe verlassen 
hat ; 

Zweitens: die Asymptotencurve ) kinnte derart verlaufen, dass sie von der 
anderen Seite der urspriinglichen Asymptotencurve a@ herkommt und mithin 
nach Verlassen des Schnittpunktes P, nach der nimlichen Seite der Asympto- 
tencurve a gerichtet ist, wie anfiinglich, als sie vom Punkte P, ausging. 

Wir wollen zeigen, dass beide Fille unmoglich sind. Was den ersten Fall 
betrifft, so bezeichnen wir die Liinge der Strecke P,P, auf a mit 7 und die 
Mitte dieser Strecke mit @. Sodann denken wir uns durch jeden Punkt der 


Fic. 3. 


Asymptotencurve a die andere Asymptotencurve gezogen und nach der Seite, 
nach welcher hin die fragliche Strecke P,P, auf b liegt, die Liinge }/ abgetra- 
gen. Aus den Punkten P, und P, der Curve a erhalten wir auf diese Weise 
den namlichen Punkt als Endpunkt. Die simmtlichen erhaltenen Endpunkte 
bilden mithin eine Asymptotencurve, welche durch den Punkt Q geht und zu 
demselben Punkte @ in der naimlichen Richtung zuriickkehrt. Dies ist unmég- 
lich, da es nach 1. auf unserer Fliche keine geschlossene Asymptotencurve giebt. 


i 
| 
ft 
‘th 
4 
4 
} 
L 
b 
/ 
/ 
/ 
~ 
j 


1901] VON CONSTANTER GAUSSSCHER KRUMMUNG 


Damit ist gezeigt, dass der erste Fall nicht stattfinden kann. Aber auch der 
zweite Fall ist unmdglich. Verliefe nimlich die Asymptotencurve in der- 
Weise, dass sie nach Ueberschreitung des Schnittpunktes P, die niimliche Rich- 
tung aufweist, wie friiher in P,, so konnten wir die Fortsetzung dieses Stiickes 
P,P, der Asymptotencurve 6 iiber P, hinaus offenbar dadurch erhalten, dass 
wir von P, ausgehend durch jeden Punkt des Stiickes P, P; von b die andere 
Asymptotencurve construiren und auf allen diesen Asymptotencurven nach der 
betreffenden Seite hin das gleiche Stiick P, P, der Asymptotencurve a abtra- 
gen. Die erhaltenen Endpunkte bilden die Fortsetzung der Asymptotencurve 
b von P, bis zu einem Punkte P, auf a. Aus diesem Stiicke P, P, der 
Asymptotencurve } kénnen wir in gleicher Weise ein neues Stiick der Asymp- 
totencurve } construiren, welches iiber P,, hinaus geht und bis zu einem Punkte 
P,, auf a reicht u.s.f. Auch ist klar, wie wir die Asymptotencurve 6 nach der 
anderen Richtung hin iiber P, hinaus durch die entsprechende Construction 
fortsetzen kénnen und so der Reihe nach zu den Curvenstiicken P, P_,, 
P_,P_,,--- gelangen. Die Asymptotencurve 4 schneidet also die Asympto- 
tencurve a in den unendlich vielen gleich weit von einander entfernten Punkten : 


Fia. 4. 


Die Winkel, die die Asymptotencurve } mit a in bestimmten Sinne in jenen 
Schnittpunkten bildet, bezeichnen wir bez. mit 


Wir betrachten nun das Asymptotencurvenviereck P,P,P,P,P,, welches 
von den zwei Stiicken P,P,, P,P, auf a und den zwei Curvenstiicken P,P,, 


P,P, auf 6 gebildet wird. Die vier Winkel dieses Vierecks sind 
a,, 7 —a,,4,, T—a,, 


und da nach dem angefiihrten Satze iiber das Asymptotencurvenviereck der In- 
halt desselben gleich dem Ueberschuss der Summe seiner Winkel iiber 27 ist 
und dieser Ueberschuss daher positiv sein muss, so folgt 
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~9 
a+7—a,+4,4+7—a,> 47, 


d. h. 

(4) a,—a,>a,—a, 

Ebenso folgt allgemein 

(5) a —4.,> — Gos (kE=0, +1, +32, ---). 


Wegen der obigen Ungleichung (4) konnen jedenfalls a, — a, und a, — a, nicht 
zugleich 0 sein; wir diirfen die Annahme 


a,—a,+0 


treffen. Aus (5) folgen die Ungleichungen : 


(6) — 4_,., — (p 1, 2, 3, 
a,— 4, ~a 
oder 
(4) — > 4,—4, (p=1, 2, 3, 
Bilden wir die Ungleichungen (6) und (7) fiir p = 1, 2, 3, ---, m, so folgt durch 


Addition derselben leicht 
a >a, +n(a,—a,), 


n 


Fallt nun a, — a, > 0 aus, so ist fiir geniigend grosse Werthe von n jedenfalls die 
erstere dieser beiden Gleichungen unmoglich, da die Winkel a, siimmtlich klei- 
ner als 7 sind; fillt dagegen a, — a, > 0 aus, so folgt aus demselben Grunde 
fiir geniigend grosse Werthe von x die Unmoglichkeit der letzteren Gleichung. 

Die Asymptotencurve } darf daher auf keine der beiden angenommenen Arten 
verlaufen und mithin ist der Beweis fiir 2. vollstiindig erbracht. 

3. Hine Asymptotencurve unserer F'liche durchsetzt sich selbst an keiner 
Stelle, d. h. sie besitzt keinen Doppelpunkt. 

Zum Beweise nehmen wir im Gegentheil an,es existire eine Asymptotencurve 
mit einem Doppelpunkt; dann verlegen wir den Anfangspunkt der krummlinigen 
Coordinaten u, v in diesen Doppelpunkt und wihlen die beiden Zweige der 
Curvenschleife zu Coordinatenlinien, nach der Schleife hin den positiven Sinn 
gerechnet. 

Wir ziehen jetzt vom Doppelpunkte (0, 0) oder vom Punkte (— s, 0) begin- 
nend auf der w-Coordinate durch jeden Punkt der Schleife die andere Asymp- 


totencurve und tragen auf dieser nach der positiven Seite hin eine Strecke s ab: 
wiihlen wir diese Strecke s geniigend klein, so werden die simmtlichen erhaltenen 
Endpunkte nach einem oben angefiihrten Satze iiber das Asymptotencurvenvier- 
eck wiederum eine Asymptotencurve bilden. Diese Asymptotencurve geht vom 
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Punkte (0, s) bez. (—s, s) aus, durchsetzt sich selbst im Punkte (s, s) bez. 
(— s, s) und endigt im Punkte (s, 0) bez. (— s, 0). Wir sehen also, dass die 


eben construirte Asymptotencurve die urspriingliche Asymptotencurve in zwei 


U 

Fic. 5. 
verschiedenen Punkten (0, s) und (s, 0) bez. (0, s) und (— s, 0) schneidet; dies 
ist nach 2. unmoglich. 

4. Wenn wir durch jeden Punkt einer Asymptotencurve a die andere Asymp- 
totencurve ziechen und auf dieser nach der niimlichen Seite hin eine bestimmte 
Strecke s abtragen, so bilden die erhaltenen Endpunkte eine neue Asymptoten- 
curve b, die die urspringliche Asymptotencurve a an keiner Stelle schneidet. 

Denn wiire P ein Schnittpunkt der Asymptotencurve 4 mit der urspriinglichen 
a, und tragen wir von P aus auf der Asymptotencurve 6 die Strecke s nach der 
betreffenden Seite von a hin ab, so miisste der weitere durch den entstehenden 
Endpunkt Q hindurechgehende Asymptotencurvenzweig ebenfalls zur Asympto- 


b 


Fia. 6. 


tencurve } gehoren und mithin wire Q ein Doppelpunkt der Asymptotencurve 
b; das Auftreten eines Doppelpunktes ist aber nach 3. unmoglich. 
Aus den Siitzen 1. bis 4. konnen wir sofort diese Schlussfolgerungen ziehen : 
Die simmtlichen Asymptotencurven unserer Fliche zerfallen inzwei Schaaren. 


Irgend zwei derselben Schaar angehorende Asymptotencurven schneiden sich 
nicht; dagegen schneiden sich je zwei Asymptotencurven, die verschiedenen 
Schaaren angehdren, stets in einem und nur einem Punkte der Fliche. 

Die Coordinatenlinien wu = 0, v = 0 sind zwei Asymptotencurven die verschie- 
denen Schaaren angehéren. Wegen der Bedeutung der Coordinaten wu, v als 
Langen gewisser Coordinatenabschnitte entnehmen wir aus den eben ausge- 
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sprochenen Thatsachen zugleich, dass zu bestimmt gegebenen Werthen von u, v 
stets nur ein Punkt unserer Fliche gehort d. h. die zu untersuchende Ab- 
bildung (1) unserer F'liche auf die uv-Ebene ist nothwendig eine umkehrbar 
eindeutige. Insbesondere folgt hieraus, dass unsere Fiche einen einfachen 
Zusammenhang besitzt und keine Doppelflache ist. 

Nachdem wir zu dieser wichtigen Einsicht gelangt sind, berechnen wir den 
gesammten Inhalt unserer Fliiche auf zwei Wegen; wir werden dadurch zu ei- 
nem Widerspruch gelangen. 

Der erstere Weg ist der folgende. Wir betrachten auf unserer Fliche das- 
jenige aus Asymptotencurven gebildete Viereck, dessen Ecken durch die Coor- 
dinaten 

V3 —U, —U, —v 

bestimmt sind. Da jeder Winkel dieses Vierecks < 7 sein muss, so ist die 
Summe der Winkel des Viereckes jedenfalls < 47 und der Inhalt des Vier- 
eckes d. h. der Ueberschuss der Summe seiner Windel iiber 27 ist mithin noth- 
wendig < 27. Lassen wir nun die Werthe von uw, v unbegrenzt wachsen, so 
kommt jeder bestimmte Punkt der Fliche sicher einmal im Inneren eines Vier- 
eckes zu liegen und bleibt dann im Inneren aller weiteren Vierecke, so dass das 
unbegrenzt wachsende Viereck schliesslich die ganze Oberflaiche umfasst. Wir 
entnehmen daraus, dass der Gesammtinhalt unserer Flache = 27 sein muss. 

Andrerseits betrachten wir die geodiitischen Linien auf unserer Fiche. 
Wegen der negativen Kriimmung unserer Flache ist jede geoditische Linie zwi- 
schen irgend zweien ihrer Punkte gewiss kiirzeste Linie, d. h. von kleinerer 
Liinge als jede andere Linie, die auf der Fliche zwischen den niimlichen zwei 
Punkten verliuft und sich durch stetige Aenderung in die geodiitische Linie 
iiberfiihren lisst. Wir fassen nun irgend zwei vom Punkt O ausgehende geo- 
diitische Linien auf unserer Fliche ins Auge und nehmen an, dieselben schnitten 
sich noch in einem anderen Punkt P der Flache. Da nach dem oben Bewiese- 
nen unsere Fliche einen einfachen Zusammenhang besitzt, so lisst sich jede die- 
ser beiden geodiitischen Linien O P in die andcre durch stetige Verinderung 
iiberfiihren ; es miisste also nach dem eben Ausgefiihrten jede derselben kiirzer 
sein als die andere, was nicht moglich ist. Unsere Annahme der Existenz eines 
Schnittpunktes P ist also zu verwerfen. Durch die naimlichen Schliisse erken- 
nen wir auch, dass eine geodiitische Linie unserer Flaiche weder sich durchsetzen 
noch in sich selbst zuriicklaufen darf. 


Denken wir uns nun auf allen von O ausgehenden geodiitischen Linien die 
gleiche Liinge r abgetragen, so bilden die erhaltenen Endpunkte eine geschlos- 
sene doppelpunktslose Curve auf unserer Flache. Das von dieser Curve um- 
spannte Gebiet besitzt nach den bekannten Formeln der LoBaTscHEFskIJschen 
Geometrie den Flicheninhalt 
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Da dieser Ausdruck fiir unendlich wachsende Werthe von x selbst tiber alle 
Grenzen wichst, so entnehmen wir hicraus, dass auch der Gesammtinhalt unse- 
rer unendlich sei iisste. Diese Foleerune steht im Wieder- 
spruch mit der vorhin bewiesenen Thatsache, wonach jener Inhalt stets = 27 
ausfallen sollte. Wir sind daher gezwungen, unsere Grundannahme zu verwer- 
fen, d. h. wir erkennen, duss es cine singulavititenfreie und tiberall regular ana- 
lytische Fliche von constanter ner itiver Kriimmung nicht giebt. Inheson- 
deve ist daher auch die zu Anjang aunty morte Frage zu verneinen, ob auf 
die BELTRAMIsche Weise die GANzE LOBATSCHEFSKLIsche Ebene durch eine 


Ve gquliir analytise he sich uel wink liche liisst. 


cher Fliichen von positive r constanter 


Wir gingen zu Anfang dieser Untersuchung aus von der Frage nach einer 


Fliche der negativen constanten Kriimmung, die iiberall im Endlichen regulir 


analytisch verliuft, und gelangten zu dem Resultate, dass es eine solche Fliiche 


nicht giebt. Wir wollen nunmehr mittelst der entsprechenden Methode die 
eleiche Frage fiir die positive constante Kriimmung behandeln. Offenbar ist 
die Kugel eine geschlossene singularitiitenfreie Fliche der positiven constan- 
ten Kriimmung, und nach dem von H. LiesMann * gefiihrten Beweise giebt es 
auch keine andere veschlossene Fliche von derselben Eigenschaft. Diese That- 
sache nun wollen wir aus einem Satze herleiten der von einem beliebigen singu- 
laritiitenfreien Stiicke einer Fliiche der positiven constanten Kriimmung gilt und 
folgendermassen lautet. 

Auf eine analytische n liche » yositiven constanten Ariimmu id + 1 sei 
ein singulurititenfreies einfach 
Endlichen abgegrenet: denken wir uns dann in jedem Punkte dieses Gebietes 


sowie in de n Rundpunkte n desselhe die heiden der 
4 4 


umenhangende s Gehiet im 


Fliiche construirt, so wird das Mawvimum der ren und folglich auch dus 
Minimum der kleineren der heiden Ilan thriimu ungsradic hn ge wiss in keinem 
Punkte ange der im Trine PON Gi iet Ss liegt —es Sé i de UNSETE 
Fliche ein Stiich der Kugel mit dem Radius 1. 

Zum Beweise bedenken wir zuntichst, dass wegen unserer Voraussetzung das 
Product der beiden Hauptkrwmmungsradien tiberall = 1 und daher der grossere 
der beiden Hauptkriimmungsradicn stets = 1 sein muss. Aus diesem Grunde 
ist das Maximum der grésseren Hauptkriimmungsradien offenbar nur dann 
= 1, wenn beide Hauptkriimmungsradien in jedem Punkte unseres Flichen- 
stiickes = 1 sind. In diesem besonderen Falle ist- jeder Punkt des Flichen- 
stiickes ein Nabelpunkt, und man schliesst dann leicht in bekannter Weise, dass 
das Fliichenstiick ein Stiick der Kuvel mit dem Radius 1 sein muss. 

*Gottinger Nachrichten, 1899, S. 44 


Trans. Am, Math. Soc. 7 
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Nunmehr sei das Maximum der griésseren der beiden Hauptkriimmungsradien 
unserer Fliiche > 1; dann nehmen wir im Gegensatz zu der Behauptung an, es 
giibe im Inneren des Flichenstiickes einen Punkt O, in welchem jenes Maximum 
stattfinde. Da dieser Punkt O gewiss kein Nabelpunkt sein kann und iiberdies 
ein reguliirer Punkt unserer Fliiche ist, so wird die Umgebung dieses Punktes 
liickenlos und einfach von jeder der beiden Schaaren von Kriimmungslinien der 
beiden Flichen bedeckt. Benutzen wir diese Kriimmungslinien als Coordina- 
tenlinien und den Punkt O selbst als Anfangspunkt des krummlinigen Coordi- 
natensystems, so gelten nach der bekannten Theorie der Flichen positiver con- 
stanter Kriimmung die folgenden Thatsachen.* 

Es bedeute vr, den grésseren der beiden Hauptkriimmungsradien fiir den 
Punkt (u, v) in der Umgebung des Anfangspunktes O = (0, 0); es ist in dieser 
Umgebung 7, >1. Man setze 

p= log 
dann geniigt die positive reelle Grosse p als Function von w, v der partiellen 
Differentialgleichung 
ap ap — 


®) 


Da bei abnehmendem 7, die Function p nothwendig wiichst, so muss p als 
Function von u,v an der Stelle « = 0, v = 0 einen Minimalwerth aufweisen, 
und demnach hat die Entwickelung von p nach Potenzen der Variabeln wu, v 
nothwendig die Gestalt 


p=a-+ au + 2Buv + + ---, 
wo a, a, 8, y Constante bedeuten und dabei die quadratische Form 
au’ + 2Buv + y", 


fiir reelle w,v niemals negative \Verthe annehmen darf. Aus letzterem Um- 
stande folgen fiir die Constanten a und y nothwendig die Ungleichungen : 


(9) a=0Ound y=0. 


Andrerseits wollen wir die Entwicklung fiir p in die Differentialgleichung (8) 
einsetzen: fiir vw = 0, v = 0 erhalten wir dann 


Da die Constante a den Werth von p im Punkte O = (0, 0) darstellt und mithin 


*DARBOUX, Legons sur la theorie générale des surfaces, Bd. 3, No. 776. 
BIANCHI, Lezioni di geometria differenziale, § 264. 
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positiv ausfallt, so ist hier der Ausdruck rechter Hand jedenfalls < 0; 
letztere Gleichung fiihrt desshalb zu der Ungleichung 


a+7y<0, 


welche mit den Ungleichungen (9) in Widerspruch steht. Damit ist unsere ur- 
spriingliche Annahme, wonach die Stelle des Maximums im Inneren des Flichen- 
stiickes liege als unzutreffend und mithin der oben aufgestellte Satz als richtig 
erkannt. 

Der eben bewiesene Satz lehrt offenbar folgende Thatsache. Wenn wir aus 
der Kugeloberfliche ein beliebiges Stiick ausgeschnitten denken und dann dieses 
Stiick beliebig verbiegen, so findet sich das Maximum aller grésseren vorkom- 
menden Hauptkriimmungsradien stets auf dem Rande des Fliichenstiickes. Eine 
geschlossene Fliche besitzt keinen Rand und daraus folgt, wie bereits oben be- 
merkt, sofort der Satz, das eine geschlossene analytische singularitatenfreie 
Fiche mit der positiven constanten Kriimmung 1 stets die Kugel mit dem 
Radius 1 sein muss. Dieses Resultat driickt zugleich aus, dass man die Kugel 
als Ganzes nicht verbiegen kann, ohne den reguliir analytischen Charakter der 
Flache irgendwo zu storen. 

GOTTINGEN, 1900. 
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NOTE ON THE FUNCTIONS OF THE FORM 


= + ay aa" a, 


WHICH IN A GIVEN INTERVAL DIFFER 


THE LEAST POSSIBLE FROM ZERO* 


BY 


H. F. BLICHFELDT 


TscHEBYCHEFF has considered the following problem: /(.”) is a given fune- 
tion of « and of x arbitrary constants a,, a,,---, @,, and is, together with its 
partial derivatives with respect tow, a,, a,,---, @,, continuous in the interval 
a=x=b; to determine the constants a,, a,,---, a, so that the greatest value 
of [ f(x)]’, in the same interval, shall differ as little as possible from zero. T 

His solution is as follows: 

For any given set of values of the constants a,, a,,---,@,, let 7,, #,,---, %, 
be all the different values of » for which [ f(.”)]*, in the interval vSa2=b, 


reaches its greatest value Z°*. Then must »,,.”,,---,.", evidently satisfy the 


two equations 


[f it is now possible to satisfy the 4 equations 


i 
by finite, determinate values of the » quantities .V,.---, .V_, then it will be pos- 
sible to give to the constants a,,°+:,@, such small increments, proportional to 


V., that the greatest absolute value of r), for Sv bh, becomes 


less than Z, which is taken positive. 
* Presented to the Society (Chicago) April 14, 1990, under a slightly different title. Re- 
ceived for publication November 21, 1900. 

Sur les questions de minima qui se rattachent ala represen 
The above statement of TSCHEBYCHEFF’S results 


fetion approximative des fonctions, 


Pétersbourg Mémoires, series 6, vol. 7. 
is taken from J. BERTRAND, Calcul Différentiel, p. 512. 
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Consequently, the set of constants a,,---,a@ , for which the createst abso- 

i 
lute value of ffx) in the given interval is the least possible, must be such that the 
pw equations (IL) are inconsistent for finite values of the constants -V,,---, V, > 


This requires, in many cases, that w > 2, only. In particular, if 

and the interval is —2=x2#=+h, the necessary and sufficient condition im- 

posed upon o,, +++,“ 1s that the equations (1), 


possess x + 1 different, common solutions. These solutions are thercfore —h, 
andall the n —1 roots of = 0, which last are obviously double roots 
of w)] Henee, asf + ete., we must have identically 


and therefore 


from which we get by integration, 


h 
SF (x) = cos n eos! = J/ — h* | [x h?\"}; 


the values of Z and the constant of integration being readily determined. The 
result just given is in accord with that of Berrranp obtained (loe. cit., pp. 514- 
518) by lengthy considerations involving the theory of continued fractions. * 

In general, several sets of constants a,,---,@, can be found to satisfy 
TSCHEBYCHEFY’S conditions. If the function /(«) involves the constants in the 


following manner : 
f(x) = + aa" + an"? +a _w+a,, 


the labor of selecting the required set is much simplified by the following con- 
siderations. 

Let us by the “maxima” of [f(«)]* in the interval a=a2=6 understand 
those only which are equal to Z’*, the greatest value of [ f(#)]’ in the given in- 
terval. If we classify these maxima as positive or negative according as the 
corresponding value of f(x) is + Z or — L, and plot the curve y = f(x), we 

*In Liouville’s Journal, ser. 2, vol. 19 (1874), pp. 319-347, TscHEBYCHEFF has solved 


this problem with the additional condition imposed upon f(x), that it either never decreases or 
never increases in the given interval. 


= 9, 
[7 — + ete. = (0° — ( ) 
n 
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shall find at least n alternations of the two kinds of maxima in the given in- 
terval.* 

The curve = + Bw" * + ---+ 8, is continuous and can be made to 
cross the axis of X at n—1 given points. If the curve y= /(x) = $(x) + 
a,x"' + ag"* + --- + a,, whose maxima are assumed to have their least pos- 
sible absolute value, had less than n alternations of the two kinds of maxima, 
we could construct a curve y’ = 8,2""'+ Bw"? + --. + 8, which would have 
positive ordinates whenever y = f(x) possessed negative maxima, and vice versa, 
at the same time making the largest of its ordinates in the given interval as 
small as we please. The maxima of the curve 


+ = + + + (a, + + (2, + B,) 


would thus be less in absolute value than those of y = f(x), contrary to hypoth- 
esis. 

For instance, the nearest approximation to sin x of the form a,x + a, in the 
interval 0 =2=h=z/2 must be such that the curve y = sin x — a,x — a, shall 
have two positive maxima including one negative, or vice versa; there being 
just three maxima in the given interval, namely, for x = 0, cos-'a,, h. These 
maxima, being given by 


2 | 
—a,, sinh—ah—a,, 
must therefore satisfy the relations : 


(— a,) + (+ — a, costa, —a,) = 0, 
— (—a,) + (sinh —a,h—a,) =0, 


1 sinh \2 "/sinh 
smh, a= os-"( h ). 


The approximation is, therefore, 


sin sinh sinh sinh 
CAL. 


STANFORD UNIVERSITY, C2 


so that 


a= 


al *The writer has not access to the original memoirs of TSCHEBYCHEFF, in which this property 
may have been indicated. 
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